
Atomic, molecular and laser physics. Assignment 2

Assignment 2: Transitions between energy levels

1. Einstein’s A and B coefficients are related by,

A =
~ω3

π2c3
B.

(a) The atom is in equilibrium with thermal radiation at room temperature. At what

frequency are the rates of stimulated and spontaneous emission equal?

(b) The energy density ρ(ω) corresponding to the condition above is called the sat-

urated energy density. Calculate the saturation intensity density defined as

I(ω) = cρ(ω).

(c) Derive the above relationship between intensity density I(ω) and energy density

ρ(ω).

2. In this question, we are interested in deriving the time variation in the population Na

and Nb in a two-level system when exposed to thermal radiation at time t = 0. The

dynamical equations governing the evolution are,

dNa

dt
= −dNb

dt
= ANb + (Nb −Na)Bρ(ω). (1)

(a) Assuming that the total number of atoms remains constant, Na +Nb = N , show

that a general solution to (1) is,

Na(t) = N

(
ρs + ρ(ω)

ρs + 2ρ(ω)

)
+

(
Na(0)−N

ρs + ρ(ω)

ρs + 2ρ(ω)

)
e−at

Nb(t) = N

(
ρ(ω)

ρs + 2ρ(ω)

)
−

(
Na(0)−N

ρs + ρ(ω)

ρs + 2ρ(ω)

)
e−at,

where ρs = A/B, a = A+ 2Bρ(ω).

(b) What are the atomic populations in steady state?

(c) Does your answer in (b) above satisfy the Boltzmann distribution?

(d) The atom has an optical transition frequency of ω ≈ 3× 1015 s−1 and a radiative

lifetime of 10−7 s. It is illuminated by a light beam whose energy density equals

the saturation value (defined in Q1a). What are the average number in one

second of (i) absorptions, (ii) spontaneous emissions, (iii) stimulated emissions?
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3. Using normalized wave function for the orbitals in the H atom, (look up Eisberg and

Resnick, p. 243), calculate the spontaneous and stimulated emission rates between

the 2p and 1s orbitals. Assume that the H is inside a cavity at 1000 K.

4. In a two-level system, |ψ(t)⟩ = ca(t)|ψa⟩+cb(t)|ψb⟩, the coefficients satisfy the following

coupled coupled differential oscillations, when the system is subject to an oscillatory

perturbation of frequency ω and strength Ω.

ċa = i
cb
2
Ωe−iω0t eiωt, and

ċb = i
ca
2
Ωe+iω0t e−iωt.

The perturbation is on resonance, ω = ω0.

(a) If the initial state is |ψ(0)⟩ = |ψa⟩, what is the state after a π pulse?

(b) What is the state after two π pulses?

(c) What is the state after a π/2 pulse?

(d) A π/2 pulse acts on |ψ(a)⟩, followed by a phase shift of ϕ experienced by |ψb⟩,

i.e.,

|ψb⟩ → eiϕ|ψb⟩.

Eventually, there is a second and last π/2 pulse. Show that the probabilities of

ending up in the states |ψa⟩ and |ψb⟩ are sin2(ϕ/2) and cos2(ϕ/2), respectively.

5. Calculate the Doppler width of a spectral line of wavelength of 589 nm for a vapour

of molecular I2 at room temperature, when,

τDoppler =
1

2ω0

(
mc2

(2 ln 2)kBT

)1/2

·
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