
Condensed Matter Physics. 4 February, 2013

Assignment 4: Crystal oscillations

1. Molecular Crystals. Consider a linear chain of atoms, each of mass m. The force

constant between alternate atoms is α and β where α ̸= β. For example, α ≫ β

represents a chain of diatomic molecules with strong intra-molecular forces and weaker

inter-molecular forces. Such a crystallographic system is called a molecular crystal.

The spacing between adjacent atoms is a.

(a) Write down the force equations for the two atoms inside a unit cell.

(b) Show that the dispersion relation is given by,

ω2 =
α + β

m
± 1

m

√
(α + β)2 − 4αβ sin2 (qa).

(c) Plot the dispersion relation in the first Brillouin zone for α = 10β as well as

for α = 100β. How does the dispersion of the optic branch compare with the

acoustic branch? [Use may like to use Mathematica for the plots.]

(d) What kind of physical oscillations do the optic and acoustic phonons represent

at q = 0? I would like to see a sketch here.

2. Next nearest neighbor interactions. Consider a monatomic lattice. The potential

energy of the crystal system, modeled as a linear chain of atoms is UP.E. = 1/(2α)Σnx
2
n

where n runs over all the atoms in the chain and xn is the net displacement of the

n’th atom.

(a) Show that if the atom is interacting with p atoms on either side instead of one

(as we discussed in class), the the force acting on the n’th atom is given by,

Fn = −
∑
±p

αp(un − un+p),

where αp represents the force constant between atoms numbered n and n+ p.

(b) Let’s now consider an atom interacting with four neighboring atoms, two on each

side (i.e., p = 2). If a and m have the usual meanings, show that the dispersion

relation is given by,

ω2 =

(
4α

m

)
sin2 (

qa

2
)
(
1 + 4 cos2 (

qa

2
)
)
.
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(c) Plot this dispersion relation, comparing it with the dispersion involving only

nearest neighbor interactions. Label your axes and edges of the Brillouin zone

appropriately.

3. Density of states for one-dimensional crystals. Consider one dimensional

monatomic lattices. Find and plot the density of states g(ω) for,

(a) the continuous limit λ ≫ a (also called the Debye limit), and

(b) the discrete limit whereby λ ∼ a.

In each case, identify the maximum frequency and label your plots.

4. Thermal conductivity of a phonon gas. Our starting point for understanding

the behavior of thermal conductivity associated with electrons or phonons was the

relationship κ = Cvvl/3 with Cv being the heat capacity, v the speed of the particle

and l its mean free path. Using knowledge of the kinetic theory of gases, derive this

relationship.

5. Debye frequency of a hexagonal Bravais lattice. The Debye frequency is a

theoretically maximum frequency that can be sustained in a crystal (in the elastic

limit). If qD is the Debye wavenumber, then the first Brillouin zone has the area

4πq3D/3 in the three dimensional reciprocal lattice. Both of these areas have the same

number of phonon modes! Calculate the Debye frequency for a hexagonal Bravais

lattice.
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