
Assignment 1: NMR Spectroscopy: principles

Assignment 1: Fundamentals of NMR spectroscopy

Use the following representations of the spin operators (~ is assumed to be 1),

Ix =
1

2

0 1

1 0

 , Iy =
1

2

0 −i

i 0

 , Iz =
1

2

1 0

0 −1

 . (1)

and these basis representations of the spin up and spin down states,

|α >=

1

0

 , |β >=

0

1

 . (2)

1. In the following calculation, the spin-1/2 state |ψ > is defined as follows:

|ψ >= cos θ
2
|α > +i sin θ

2
|β >.

(i) (Optional:) Show that the spin-1/2 state |ψ > is an eigenstate of Iz cos θ+Iy sin θ

and give the eigenvalue.

(ii) Give a pictorial representation of the state |ψ > on the Bloch sphere.

(ii) What is the density matrix defining the state of the system?

(iv) What NMR pulse transforms the state |ψ > into the state (|α > +|β >)/
√
2?

Derive the result geometrically and then verify it mathematically.

2. A sample containing protons in exposed to an r.f. magnetic field with peak amplitude

B1 = 469.8 µT. The frequency of the r.f. field is exactly resonant with the proton

Larmor precession.

(i) What is the nutation frequency of the protons in units of Hz?

(ii) How long should the r.f. field be applied in order to generate a pulse with a flip

angle of π/2?

(iii) What is the flip angle of the protons if the pulse duration is kept as in (ii) but

the peak r.f. field is increased to B1 = 939.6 µT?

3. A single spin-1/2 in state |α > is exposed to a three-pulse sequence (π/2)xπy(π/2)x.
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(i) Calculate the spin state after the three-pulse sequence.

(ii) Write the density matrix for the final spin state and show that it is proportional

to Iz.

(iii) Interpret the trajectory of the spin geometrically.

4. An ensemble of isolated protons is in thermal equilibrium at a temperature of 300 K.

(i) At what magnetic field is the population difference between the |α > and |β >

spin states equal to 5× 10−5?

(ii) What is the proton Larmor frequency in this field?

(iii) What is the thermal equilibrium population difference between the |α > and

|β > states of 13C spins at the same temperature and in the same field? The

gyromagnetic ratio of 13C is one-fourth the gyromagnetic ratio of a proton.

5. A spin system has an initial state proportional to Ix. What is the final state when,

(i) a pulse of flip angle β is applied with a phase along the y axis?

(ii) the spin is allowed to precess with a rotating frame frequency Ω for a time π/(2ω)?

In each of the above cases, what will be the signal acquired by the spectrometer?

6. In real experiments, the r.f. field created by the coil is not precisely uniform over the

volume of the sample. this imperfection is called r.f. inhomogeneity. This exercise

examines one strategy for rendering experiments less sensitive to r.f. inhomogeneity.

(i) An NMR experiment is performed on isolated proton spins. Suppose that the

peak r.f. field in the center of the sample is B1 = 4.697 mT, and that a pulse

of duration τp = 5 µs and phase ϕp = 0 is applied. what is the flip angle of the

pulse in the center of the sample? If the magnetization vector before the pulse

is M0k̂, what is the magnetization vector after the pulse? Ignore off-resonance

effects.

(ii) At the edge of the sample, the peak r.f. field is only B1 = 4.228 mT. If the

magnetization vector at the edge of the sample before the pulse is M0k̂ (along

the z axis), what is the magnetization vector at the edge of the sample after the
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pulse? What is the angle between the magnetization vectors at the edge of the

sample and at the center of the sample, after the pulse?

(iii) Now suppose that the single r.f. pulse is replaced by a sequence of three pulses

of duration 5 µs, 10 µs and 5 µs, with phases 0, π/2 and 0 respectively. This

three-pulse sequence is an example of a composite pulse. If the magnetization

vector before the pulse is M0k̂, what is the magnetization vector at the center of

the sample after the pulse?

(iv) Calculate the magnetization vector at the edge of the sample after the composite

pulse. What is the angle between the magnetization vector at the edge of the

sample and the magnetization vector at the center of the sample, after the pulse?

(v) (Optional:) Explain the operation of the composite pulse geometrically.
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