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Brownian motion is the random motion of colloidal particles suspended in water, air

or any other solvent. In 1905, Einstein argued that this motion is a direct evidence

for the atomic nature of matter. Einstein0s and Perrin0s e�orts helped raise the status

of atoms from useful hypothetical objects to objects whose existence could no longer

be denied.
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1 Objectives

In this experiment, we will,

1. observe Brownian motion of microparticles,

2. calibrate a compound microscope,

3. use the microscope's built-in camera to record Brownian motion,

4. learn how to extract images from a movie,

5. use some basic and simple commands for image processing,

6. locate and track microparticulate motion,

7. plot Brownian motion in 2-D, and

8. observe how the mean square displacement of particles helps estimate Boltz-

mann's and Avogadro's constants.
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2 Theoretical Introduction

In 1827, Robert Brown observed the random motion of micro-particles suspended

in gases and liquids. He called this random or jiggling motion 'Brownian motion'.

However, it was only in 1905 that Einstein �rst explained this phenomenon on the

basis of kinetic theory of molecules. In a quantitative manner, Einstein connected

quantities of kinetic theory such as viscosity and mobility with the Brownian motion.

Einstein performed a statistical analysis of molecular motion and its e�ect on particles

suspended in a liquid. As a result, he calculated the mean square displacement of

these particles. He argued that an observation of this displacement would allow an

exact determination of atomic dimensions and prove the existence of atoms and

verify the molecular kinetic theory of heat.

Perrin, a brilliant experimentalist, performed a series of experiments in the �rst decade

of the twentieth century, one of which depended on Einstein's calculation of the

mean square displacement of suspended particles. His results con�rmed Einstein's

relation and thus the molecular-kinetic theory. Eventually a physical explanation

of the phenomenon of Brownian motion led to the acceptance of the atomic or

molecular-kinetic theory [1].

2.1 Brownian motion and kinetic theory

Brownian motion can be explained using the kinetic theory of matter and the kinetic

molecular theory of heat. The kinetic theory of matter posits the existence of atoms

and molecules, and their constant motion due to which they elastically collide with

one another. The kinetic molecular theory describes temperature as the constant

motion of atoms and molecules in matter.

Brownian motion which is characterized by the constant and erratic movement of

minute particles in a liquid or a gas is thus due to the inherently random motions of

the atoms or molecules that make up the uid in which the particles are suspended.

The uidic atoms or molecules collide with the larger suspended particles at random,

making them move randomly.
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Einstein described that Brownian motion actually arises from the agitation of individ-

ual molecules due to the thermal energy kBT they possess at a speci�c temperature.

The collective impact of these molecules against the suspended particle yields enough

momentum to create movement of the particles.

2.2 Mathematical picture

The origin of Brownian motion can be understood on the basis of the theorem of

equipartition of energy [2]. Each colloidal micro particle, possessing a mass m is

free to exhibit translational motion. The mean kinetic energy of the particle in three

dimension is,

1

2
mv 2 =

3

2
kBT:

This energy, though small in value, leads to a measurable amplitude of vibration for

a small micro particle. It is worth noticing that in addition to the random uctuating

force, the particles also experience a drag force (frictional force) as they are pulled

through the solvent.

To �nd a solution to the motion of the particles, we will use the Langevin equation

for a particle of mass m and velocity v

m
dv

dt
= ��v + F(t): (1)

From Equation (1), we can see that each colloidal particle is subject to two forces:

1. the random molecular bombardment F(t) that causes Brownian motion, and

2. the resistive force �v, where � is the damping coe�cient related to viscosity

of the uid or solvent.

In one dimension, the scalar form of Equation (1) is written as,

m
d2x

dt2
+ �

dx

dt
� F (t) = 0:

Multiplying both sides of the above equation by x , yields,

mx
d2x

dt2
+ �x

dx

dt
� xF (t) = 0: (2)

To simplify, we use the expansion of the expression d2

dt2
(x2). The above equation

becomes,

m

2

d2x2

dt2
�m(

dx

dt
)2 +

�

2

dx2

dt
� xF (t) = 0: (3)

Q 1. Using chain rule, expand the derivative d2

dt2
(x2) to obtain Equation (3).
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Now we use the theorem of equipartition of energy to �nd the average energy of

single particle for one degree of freedom, which is given by

1

2
mhv 2i =

1

2
kBT;

)
m

2
h(
dx

dt
)2i =

1

2
kBT: (4)

We average Equation (3) over time and recognizing that since F is a random force,

hence hxF i = hxihF i = 0. De�ning � = hdx
2

dt
i and substituting Equation (4) into

(3), we obtain,

m

2

d�

dt
� kBT +

�

2
� = 0: (5)

Q 2. Derive Equation (5) (refer to [4] and [5] for help) with respect to time and

show that the solution is,

� =
2kBT

�
+ A exp

(
�t�

m

)
; (6)

where A is the integration constant. For a reasonably long observation time (t = �),

the factor �t�=m will be very small and hence we can ignore the second term on the

right hand side. Hence, integrating the modi�ed Equation (6) over the observation

time � , we get ∫ �

0

h
dx2

dt
idt �

∫ �

0

2kBT

�
dt

hx2i �
2kBT�

�
: (7)

For spherical particles, each of radius a, Stokes's law can be used to write �,

� = 6� �a;

where � is the viscosity of the uid. Equation (7) hence takes the form,

hx2i =
2kBT�

6� �a
:

Using the above Equation, we can write the mean squared displacement in two

dimensions,

hr 2i =
4kBT

6��a
�: (8)

Hence, by plotting hr 2i as a function of time, we expect a straight line through the

origin whose slope can be used to obtain Boltzmann0s constant kB. Equation (8) is

traditionally written as,

hr 2i = 4DT; (9)
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where D = kBT=(6��a) = kBT=� is the self-di�usion constant [1], [2].

Using the relation between Boltzmann's constant and molar gas constant R, we can

also use Equation (8) to �nd Avogadros' number NA,

NA =
1

hr 2i

2RT

3��a
�: (10)

Q 3. Explain the dependence of the di�usion constant D on the damping factor

�.

2.3 Signi�cance of Brownian motion

The theory of Brownian motion has come a long way since its humble beginnings in

the nineteenth century. There now exist a large number of applications that have

evolved. Some of the applications are listed below.

� In electronic devices, the discussion of Brownian motion is speci�cally important

in understanding the e�ects of thermal motion of electrons contributing to

Johnson noise [6].

� Researches in the �eld of biomedicine have shown that Brownian motion plays

a critical role in the transport of enzymes and chemicals both into and out of

cells in the human body. Scientists have subsequently discovered that many

fundamental processes in living cells are driven by Brownian motion which also

shows potential for use as probes at the nanoscale. For example it is possible

to obtain detailed information about a particle's environment by analyzing its

Brownian trajectory [7].

� In environmental sciences, the application of Brownian motion enables the

prediction of extreme oods and droughts. By modeling volumetric ow of

rivers mathematically, the relation can de�ne a Brownian walk [8].

3 The Experiment

After mixing some polystyrene microspheres in distilled water, we observe and record

their random motion as they collide with water molecules, with a compound micro-

scope that is �tted with a digital camera. The video of these movements is then

analyzed in MATLAB to extract the frame by frame coordinates of the particles,

which in turn are used to calculate their mean square displacements. From the

slope of the graph between these displacements and time, the value of Boltzmann's

constant, kB, and di�usion constant,D, can be calculated.
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3.1 Apparatus

1. Motic microscope (BA210): It comes with a built-in 3.0 megapixel camera and

a USB interface to connect to the computer. A diagram showing its di�erent

components and controls is given in Fig.(1a).

2. Motic calibration slide: It has di�erent dots and grids printed on it, along with

their physical dimensions. Using this slide, a �m to pixel calibration can be

performed in the microscope software.

3. 76 mm x 25 mm glass slides

4. Glass cover-slips to cover the sample so that it does not touch the objective

lens or move with air currents.

5. polystyrene microspheres (by Polysciences) diluted in water

6. 20�L micro pippete with tips.

Built-in camera

Eyepiece

Objective

Specimen holder

Mechanical stage

Field lens

Fine focus knob

Coarse focus knob

Optical path

changeover lever

Power switch

Revolving nosepiece

Diluted microsphere

 solution

Tips for pippete

Glass slides

Cover slips

Micro pippete 

Motic 

microscope

(a) (b)

Figure 1: (a) A diagram of the microscope and (b) a picture of microscope with

slide preparation components.

Figure(2) shows a schematic of the experimental arrangement.

3.2 Procedure

3.2.1 Preparation of the medium

The number density of particles in the packaged solution is very high, so it needs to

be diluted. This increases the average distance between the particles so that they

can be independently visualized and tracked. Also remember that the solution should

be kept refrigerated at 4�C.
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Computer

Live movie run with 

Motic software

Digital camera

Microscope

objective

Sample 

slide

Halogen

light bulb

Data transfer cable

 USB 2.0

Stage

Figure 2: Apparatus for viewing Brownian motion.

1. Clean the slide thoroughly with water and make sure that there are no �nger

stains or grease marks on it.

2. Stick two pieces of plastic tape on either side of the center of the slide as

shown in Fig.(3). They will support the cover slip.

3. Polystyrene microspheres come packaged in a dropper bottle. Mix a drop from

the dropper in 100 mL of water.

4. Set the dial of the micro pippete to 5 �L, and suck a drop of the diluted

solution by gently pressing the head of the pippete.

5. Place the drop on the slide and place a cover slip, such that the drop is trapped

on both sides with glass. Now place the slide under the objective of the micro-

scope.

3.2.2 Setting up the microscope

1. Turn on the bulb of the microscope and set its intensity such that the slide is

amply illuminated but not too bright. Also make sure that there's no ickering.

2. Choose the 40X objective lens and use the focusing knob to bring the sample

into focus. For more details on setting up the microscope and obtaining a

sharp focused image, refer to [9].

3. Connect the microscope to the computer through USB and run the Motic

Image Plus 2.0 application.

4. Open an image viewing window by clicking the Capture button in the software.

You should be able to see a live image in the window. (You may have to adjust

the the optical path changeover lever (see Fig.(1a)) to the right position.)
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(a) (b)

(c)

Glass slide

Coverslip

Tape strip

(d)

Figure 3: (a) Illustration of an observation slide, (b) using micro pipette to place

the solution of a known volume at the center of the slide, (c) covering the slide with

cover-slip, and (d) mounting the slide onto the specimen stage.

3.2.3 Video recording and calibration

1. Select an appropriate resolution and set the exposure, white balance and gain

values so that the image has reasonable brightness and contrast

2. Clicking the recording tab (Camera icon) on the left side of the CAPTURE

window will allow you to record a video.

3. By clicking the RECORD button, make a video of approximately 10s duration.

(You'll have to STOP the recording manually.)

4. Now replace the sample slide with Motic calibration slide. After focusing one

of the round spots run calibration by clicking on the CALIBRATION button in

the \Settings" tab.

5. Specify the objective used and the physical dimensions of the dot in focus (as

seen in Fig.(4)). The �m to pixel ratio returned by the software will be used

in the �nal part of the experiment.

3.2.4 Analyzing the video

You will have to download the MATLAB package from the webpage of the experiment

on https://physlab.lums.edu.pk. It contains the functions being used for analysis and

the program that asks you to input di�erent parameters, one after the other, and

�nally returns you the coordinates of all the particles in each frame of the video. You

are advised to go through the codes and develop an understanding of the MATLAB

functions and commands involved. Use MATLAB help to explore their purpose and

syntax.
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Figure 4: A screenshot of the calibration window. The software automatically �nds

the circular spot in the image, while you specify its physical dimensions and the

objective lens.

Q 4. Describe the working of the MATLAB functions and code being used for

video analysis.

Our video analysis algorithm involves four major steps.

1. Down-sampling

2. Thresholding

3. Noise control

4. Tracking

Down-sampling

The recorded video will have around 20 frames per second, making the movement

of the particles almost imperceptible between any two frames. We can skip some

frames and yet have a decent record of the motion of the particles. Skipping frames

is called down-sampling. Using a step size, we can inform our MATLAB code how

many frames to skip. For example, if a step size of 5 is input, every �fth frame of

the video will be taken and all others will be excluded from the analysis.

Thresholding

The foremost requirement for our analysis is to isolate the particles from the back-

ground. For this purpose every frame is converted to grayscale �rst, and then keeping

in view the relative brightness of the particles and background, an intensity threshold

is speci�ed, resulting in a binary image. It contains only pure white and black pixels
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for areas above and below the threshold, respectively. The choice of the threshold

greatly a�ects the quality of the resulting image, as shown in Fig.(5), and should be

chosen sensibly.

(a) (b)

(c) (d)

Figure 5: (a) Original image, in contrast to its binary forms with levels of threshold

at (b) 0:4, (c) 0:5 and (d) 0:56. Clearly the threshold of 0:56 is the most suitable.

Noise control

To retain information only of a characteristic size of particles, so that only the

microspheres are tracked, we apply a band bass operation (function bpass in our

package). This eliminates pixel-level noise around the particles and makes them look

more spherical. A length scale of noise has to be speci�ed, which would result in

elimination of a noise of that length from the frames. In this way noise on a scale

smaller than the size of the particles is eliminated. Also an upper limit for the size of

the particles is speci�ed so that any objects larger than the particles can be ruled out

of the analysis. A comparison between the results of applying di�erent noise lengths

can be seen in Fig.(6).

Particle tracking

Once we have obtained �ltered images in which microspheres appear as smooth,

spherical and bright particles, the next step is to locate these bright intensity particles

in every frame and then link the trajectory of each microsphere. Using the function

pkfind, we �nd local maxima in every frame and calculate an estimate of the center

of each particle. Then the function cntrd is used to calculate the exact coordinates

of every particle, frame by frame.

Tip: You should watch the recorded video several times before starting analysis, and
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(a)

(b) (c)

(d) (e)

Figure 6: (a) Binary image, in contrast to its �ltered forms with lengths of noise,

lnoise at (b) 0, (c) 0:5 and (d) 0:7 and (e) 1. The value of lobject for all of these

images is 3. The boundaries of particles become smoother and circular as the noise

length is increased.

.

identify a region where at least 8-10 particles remain in focus for the duration of the

video. This region will be cropped out for analysis.

1. Make sure that the downloaded MATLAB �les and your video are in the same

folder.

2. Launch MATLAB and set your current directory to the folder where your func-

tions and video are placed.

3. Open the code named tracker.m and change the name of the �le being input

to the VideoReader function to the name of your video. Don't forget to

include the extension of the �le.
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4. Save tracker and switch to the command window. Typing in tracker will

run the program.

5. Note down the video parameters that it returns. The program will prompt you

about the step size.

6. To crop the frames, you will be prompted to enter minimum and maximum

values of the X and Y coordinates, which can be found by moving the cursor

to the top-left and bottom-right corners of the region of interest.

7. Enter values for threshold level, when prompted by the program. You may have

to try several values before achieving an optimum result.

8. Input the values for noise length and object size when demanded. Once again,

you have the option to choose a best value before considering it �nal.

The tracking data of the particles is saved in a variable named centroid location,

containing the coordinates and dimensions of the particles.

� centroid location(:,1) are the x-coordinates,

� centroid location(:,2) are the y-coordinates,

� centroid location(:,3) are the brightness, and

� centroid location(:,4) are the square of the radius of gyration (radius of gyration

is the root mean square distance of the microsphere's parts from either its

center of gravity or from an axis).

Now after having the coordinates of all the particles in all the frames, the only task

left for you, for which you have to write your own program is to subtract the initial

position of each particle in the �rst frame from the positions in the successive frames,

to �nd the displacement. The displacement is then squared and averaged over the

number of particles N in each frame and then plotted against time.

The initial positions of all particles in �rst frame are taken as the origin O(x0p; y0p),

where p runs from 1 to N.

The square of the distance of the particle from the origin to a point P (xnp; ynp) in

the n'th frame is given by

r 2p = (xnp � x0p)
2 + (ynp � y0p)

2;

where n runs from �rst to last frame (i.e. 1 to n). The mean square displacement

of all particles in the n'th frame is

hr 2n i =

∑N

p=1 r
2

p

N
:

The �nal task is to plot hr 2n i for each frame against time.

Q 5. Plot the average hr 2n i against time.
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Q 6. Plot r 2n against time for a representative microparticle.

Q 7. Plot a graph of Brownian motion exhibited by the particles in the 2 dimen-

sional xy -plane. Does the plot look like the random motion of actual particles in the

movie?

3.3 Calculation of Boltzmann constant kB and Di�usion constant

D

Boltzmann's constant kB is calculated using the slope of the hr 2n i vs t curve. The

slope value after conversion of units of displacement from pixel2 to �m2 is substituted

into Equation (8). The di�usion constant is calculated using Equation (9).

Q 8. Calculate kB and D for your data. Refer to [15] to �nd the value of viscosity

at the temperature of laboratory.

Q 9. Find the uncertainty in the value of kB and D.

Q 10. Calculate Avogadro's number NA using the value of slope and Equation

(10). What is the uncertainty in NA?

4 Precautions in microscope handling

1. The light source in the microscope, which is a halogen bulb, is provided with

the intensity control knob. Always try to focus the objective starting with the

lowest values by rotating the knob clockwise. Never turn the knob abruptly to

its extreme position of maximum intensity. This can damage the objective lens

of the microscope.

2. While switching the viewing mode from eyepiece to camera using the optical

path changeover lever, always minimize the intensity �rst.

3. Always switch o� the microscope at the least intensity value i.e., zero.

4. Never rotate the left and right Coarse or Fine knob while holding the other.

5. Never turn the Coarse and Fine focus knobs further than their limit.
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