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X-ray diffraction: the
contributions of Max von Laue,

W. H. and W. L. Bragg and
P. P. Ewald

8.1 Introduction

The experimental technique which has been of the greatest importance in revealing the
structure of crystals is undoubtedly X-ray diffraction.
The story of the discovery of X-ray diffraction in crystals by Laue,∗ Friedrich and

Knipping in Munich in 1912 and the development of the technique by W. H. Bragg∗
andW. L. Bragg∗ in Leeds and Cambridge in the years preceding the First World War is
well known. But why did the Braggs make such rapid advances in the analysis of X-ray
diffraction photographs in comparison with Laue and his co-workers?An important fac-
tor in the answer seems to be that Laue envisaged crystals in terms of a three-dimensional
network of rows of atoms and based his analysis on the notion that the crystal behaved,
in effect, as a three-dimensional diffraction grating. This approach is not wrong, but it
is in practice rather clumsy or protracted. On the other hand, the Braggs (and here the
credit must go to W. L. Bragg, the son) envisaged crystals in terms of layers or planes
of atoms which behaved in effect as reflecting planes (for which the angle of incidence
equals the angle of reflection), strong ‘reflected’ beams being produced when the path
differences between reflections from successive planes in a family is equal to whole
number of wavelengths. This approach is not correct in a physical sense—planes of
atoms do not reflect X-rays as such—but it is correct in a geometrical sense and provides
us with the beautifully simple expression for the analysis of crystal structure:

nλ = 2dhkl sin θ ,

where λ is the wavelength, n is the order of reflection, dhkl is the lattice plane spacing
and θ is the angle of incidence/reflection to the planes.
What led W. L. Bragg to this novel perception of the diffraction? Simply his obser-

vation of the elliptical shapes of the diffraction spots, which he noticed were also
characteristic of the reflections from mirrors of a pencil-beam of light (see the Laue
photograph on p. xiv). Only connect!

∗ Denotes biographical notes available in Appendix 3.
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Finally, we come to the contribution of P. P. Ewald,∗ a physicist who never achieved
the recognition that was his due. The story is briefly recorded in his autobiographical
sketch in 50 Years of X-ray Diffraction. Ewald was a ‘doctorand’—a research student
working in the Institute of Theoretical Physics in the University of Munich under Pro-
fessor A. Sommerfeld. The subject of his thesis was ‘To find the optical properties of
an anisotropic arrangement of isotropic oscillators’. In January 1912, while he was in
the final stages of writing up his thesis, he visited Max von Laue, a staff member of
the Institute, to discuss some of the conclusions of his work. Ewald records that Laue
listened to him in a slightly distracted way and insisted first on knowing what was
the distance between the oscillators in Ewald’s model; perhaps 1/500 or 1/1000 of the
wavelength of light, Ewald suggested. Then Laue asked ‘what would happen if you
assumed very much shorter waves to travel through the crystal?’ Ewald turned to Para-
graph 6, Formula 7, of his thesis manuscript, saying ‘this formula shows the results of
the superposition of all wavelets issuing from the resonators. It has been derived with-
out any neglection or approximation and is therefore valid also for short wave-lengths.’
Ewald copied the formula down for Laue shortly before taking his leave, saying that
he, Laue, was welcome to discuss it. Laue’s question, of course, arose from his intu-
itive insight that if X-rays were waves and not particles, with wavelengths very much
smaller than light, then they might be diffracted by such an array of regularly spaced
oscillators.
The next Ewald heard of Laue’s interest was through a report which Sommerfeld gave

in June 1912 on the successful Laue–Friedrich–Knipping experiments. He realized that
the formula which he had copied down for Laue, and which Laue had made no use of,
provided the obvious way of interpreting the geometry of the diffraction patterns—by
means of a construction which he called the reciprocal lattice and a sphere determined
by the mode of incidence of the X-rays on the crystal (the Ewald or reflecting sphere).
Ewald’s interpretation of the geometry of X-ray diffraction was not published until 1913,
bywhich time rapid progress in crystal structure analysis had already beenmade byW.H.
and W. L. Bragg in Leeds and Cambridge.

8.2 Laue’s analysis of X-ray diffraction:
the three Laue equations

Laue’s analysis of the geometry of X-ray diffraction patterns has been referred to in
Section 8.1. What follows is a much simplified treatment which does not take into
consideration Laue’s interpretation of the origin of the diffracted waves from irradiated
crystals.
Consider a simple crystal in which the motif is one atom and the atoms are simply

to be regarded as scattering centres situated at lattice points. The more general situation
in which the motif consists of more than one atom and in which the different scattering
amplitudes of the atoms and the path differences between the atoms have to be taken into
account is discussed in Section 9.2. The crystal may be considered to be built up of rows

∗ Denotes biographical notes available in Appendix 3.
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Fig. 8.1. (a) Diffraction from a lattice row along the x-axis. The incident and diffracted beams are at
anglesα0 andαn to the row respectively. The path difference between the diffracted beams = (AB−CD).
(b) The incident and diffracted beam directions and the path difference between the diffracted beams as
expressed in vector notation.

of atoms in three dimensions: rows of atoms of spacing a along the x-axis, of spacing
b along the y-axis and of spacing c along the z-axis. Consider first of all the condition
for constructive interference for the waves scattered from the row of atoms along the
x-axis—whichmay simply be reduced to a consideration of the path differences between
waves scattered from adjacent atoms in the row (Fig. 8.1(a)).
For constructive interference the path difference (AB−CD) must be a whole number

of wavelengths, i.e.

(AB− CD) = a(cosαn − cosα0) = nxλ

where αn, α0 are the angles between the diffracted and incident beams to the x-axis,
respectively, and nx is an integer (the order of diffraction).
This equation, known as the first Laue equation, may be expressed more elegantly

in vector notation. Let s, s0 be unit vectors along the directions of the diffracted and
incident beams, respectively, and let a be the translation vector from one lattice point
(or atom position) to the next (Fig. 8.1(b)). The path difference a(cosαn − cosα0) may
be represented by the scalar product a · s − a · s0 = a · (s − s0). Hence the first Laue
equation may be written

a(cosαn − cosα0) = a · (s − s0) = nxλ.

Now Fig. 8.1 is misleading in that it only shows the diffracted beam at angle αn below
the atom row—but the same path difference obtains if the diffracted beam lies in the
plane of the paper at angle αn above the atom row—or indeed out of the plane of the
paper at angle αn to the atom row. Hence all the diffracted beams with the same path
difference occur at the same angle to the atom row, i.e. the diffracted beams of the same
order all lie on the surface of a cone—called a Laue cone—centred on the atom row with
semi-apex angle αn. This situation is illustrated in Fig. 8.2 which shows just three Laue
cones with semi-apex angle α0 (zero order, nx = 0), semi-apex angle αx (first order,
nx = 1) and semi-apex angle α2 (second order, nx = 2). Clearly there will be a whole
set of such cones with semi-apex angles αn varying between 0◦ and 180◦.
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Fig. 8.2. Three Laue cones representing the directions of the diffracted beams from a lattice row along
the x-axis with 0λ(nx = 0), 1λ(nx = 1) and 2λ(nx = 2) path differences. The corresponding Laue cones
for nx = −1, nx = −2 etc. lie to the left of the zero order Laue cone.

The analysis is now repeated for the atom row along the y-axis, giving the second
Laue equation:

b(cosβn − cosβ0) = b · (s − s0) = nyλ,

and for the atom row along the z-axis giving the third Laue equation:

c(cos γn − cos γ0) = c · (s − s0) = nzλ,

where the angles βn, β0, γn, γ0 and the integers ny and nz are defined in the same way
as for αn, a0 and nx.
Now, for constructive interference to occur simultaneously from all three atom rows,

all three Laue equations must be satisfied simultaneously. This is equivalent to the
geometrical condition that diffracted beams only occur in those directions along which
three Laue cones, centred along the x-, y- and z-axes, intersect. Each diffracted beam
may be identified by three integers nx, ny and nz which, as pointed out above, represent
the order of diffraction from each of the atom rows. We shall find in Section 8.3 that
these integers are simply h, k and l Laue indices (see Section 5.5) of the reflecting planes
in the crystal.
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8.3 Bragg’s analysis of X-ray diffraction: Bragg’s law

Laue’s analysis is in effect an extension of the idea of a diffraction grating to three
dimensions. It suffers from the severe practical disadvantage that in order to calculate
the directions of the diffracted beams, a total of six angles αn, α0, βn, β0 and γn, γ0,
three lattice spacings a, b and c, and three integers nx, ny and nz need to be determined.
As discussed in Section 5.5, W. L. Bragg envisaged diffraction in terms of reflections
from crystal planes giving rise to the simple relationship (Bragg’s law, derived below):

nλ = 2dhkl sin θ .

It can be seen immediately, by comparing the Laue equations with Bragg’s law, that
the number of variables needed to calculate the directions of the diffracted beams are
much reduced.
Bragg’s law may be derived with reference to Fig. 8.3(a) which shows (as for the

derivation of the Laue equations) a simple crystal with one atom at each lattice point.
The path difference between the waves scattered by atoms from adjacent (hkl) lattice
planes of spacings dhkl is given by

(AB+ BC) = (dhkl sin θ + dhkl sin θ) = 2dhkl sin θ .

Hence for constructive interference:

nλ = 2dhkl sin θ ,

where n is an integer (the order of reflection or diffraction).
As explained in Section 5.5, n is normally incorporated into the lattice plane

symbol, i.e.

λ = 2

(
dhkl
n

)
sin θ = 2dnh nk nl sin θ

where nh nk nl are the Laue indices for the reflecting planes of spacing dhkl/n. In other
words, to repeat the important point made in Section 5.5, n is not written separately but
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Fig. 8.3. (a) Bragg’s law for the case of a rectangular grid, i.e. AB = BC = dhkl sin θ ; the path
difference (AB + BC) = 2dhkl sin θ . (b) Bragg’s law for the general case in which AB 
= BC. Again,
the path difference (AB+ BC) = dhkl sin θ .
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is represented as the common factor in the Laue indices. For example a third order
reflection from the (111) lattice planes (Miller indices—in parentheses) is represented
as a first order reflection from the 333 planes (Laue indices—no parentheses), the 333
planes having l/3rd the spacing of the (111) planes.
Figure 8.3(a) represents a particularly simple geometrical situation inwhich the lattice

is shown as a rectangular grid and the atoms are symmetrically disposed with respect
to the incident and diffracted beam, i.e. AB = BC. With reference to the diffraction
of light this corresponds to the case in which the incident and diffracted beams make
equal angles to the diffraction grating—i.e. the situation shown in Fig. 7.15 where the
angle i corresponds to θ and the slit spacing a corresponds to dhkl . Figure 8.3(b) shows
a more general situation in which the lattice is not rectangular and the distance AB
does not equal BC. However, the sum (AB + BC) is unchanged and is again equal to
2dhkl sin θ (see Exercise 8.3). The important point is that Bragg’s law applies irrespective
of the positions of the atoms in the planes; it is solely the spacing between the planes
which needs to be considered. It follows as a corollary that the path difference between
the waves scattered by the atoms in the same plane is zero—i.e. all the waves scat-
tered from the same plane interfere constructively. This is only the case (to emphasize
the significance of Bragg’s law once more) when the angle of incidence to the planes
equals the angle of reflection. Finally, note that (unlike the Laue equations), Bragg’s
law is wholly represented in two dimensions: the incident and diffracted beams and
the normal to the reflecting planes (Fig. 8.3) all lie in a plane—i.e. the plane of the
paper.
Bragg’s law may also be expressed in vector notation. Again, let s, s0 be unit vectors

along the directions of the diffracted and incident beams, then (with reference to Fig. 8.4)
the vector (s− s0) is parallel to d∗

hkl , the reciprocal lattice vector of the reflecting planes.
Comparing the moduli of these vectors |s − s0| = 2 sin θ and

∣∣d∗
hkl

∣∣ = 1/dhkl , it is seen
from Bragg’s law that their ratio is simply λ. Hence Bragg’s law may be written:

(s − s0)
λ

= d∗
hkl = ha∗ + kb∗ + lc∗.

hkl
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Fig. 8.4. Bragg’s law expressed in vector notation. Vectors (s − s0) and d∗
hkl are parallel and the ratio

of the moduli is λ. Hence Bragg’s law is expressed as (s − s0)/λ = d∗
hkl .
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Hence constructive interference occurs, or Bragg’s law is satisfied, when the vector
(s − s0)/λ coincides with the reciprocal lattice vector d∗

hkl of the reflecting planes.
The vector form of Bragg’s law may be combined with each of the three Laue

equations: i.e. for the first Laue equation:

a · (s − s0) = nxλ = a · d∗
hkl · λ = a · (ha∗ + kb∗ + lc∗)λ.

Hence nx = h (since a · a∗ = 1, a · b∗ = 0, etc), and similarly ny = k and nz = l for
the other Laue equations. The integers nx, ny and nz of the Laue equations are simply
the Laue indices h, k, l of the reflecting planes.
Bragg’s law, like Newton’s laws, and all such uncomplicated expressions in physics,

is deceptively simple. Its applicability and relevance to problems in X-ray and electron
diffraction only unfold themselves gradually (to teachers and students alike!). Newton
was once asked how he made his great discoveries: he replied ‘by always thinking unto
them’. The student of crystallography could do no better with respect to Bragg’s law!

8.4 Ewald’s synthesis: the reflecting sphere construction

Ewald’s synthesis is a geometrical formulation or expression of Bragg’s law which
involves the reciprocal lattice and a ‘sphere of reflection’. It is best illustrated and
understood by way of an example. Consider a crystal with the (hkl) reflecting planes
(Laue indices) at the correct Bragg angle (Fig. 8.5). The reciprocal lattice vector d∗

hkl is
also shown. Now draw a sphere (the reflecting or Ewald sphere) of radius 1/λ (where λ is
the X-ray wavelength) with the crystal at the centre. Since Bragg’s law is satisfied it may
be shown that the vector OB (from the point where the direct beam exits from the sphere
to the point where the diffracted beam exits from the sphere) is identical to d∗

hkl : i.e. from
the triangle AOC, |OC| = (1/λ) sin θ = (1/2)

∣∣d∗
hkl

∣∣ = 1/2dhkl , i.e. λ = 2dhkl sin θ .
Hence, if the origin of the reciprocal lattice is shifted from the centre of the sphere
(A) to the point where the direct beam exits from the sphere (O), then OB = d∗

hkl and
Bragg’s law is equivalent to the statement that the reciprocal lattice point for the reflecting
planes (hkl) should intersect the sphere; the diffracted beam direction being given by the
vector AB—i.e. the line from the centre of the sphere to the point where the reciprocal
lattice point d∗

hkl intersects the sphere. Conversely, if the reciprocal lattice point does
not intersect the sphere then Bragg’s law is not satisfied and no diffracted beams occur.
Finally, note the equivalence of the Ewald reflecting sphere construction to the vector

form of Bragg’s law
(s − so)

λ
= (k − ko) = d∗

hkl (Section 8.3). The vector AO = ko,

the vector AB = k and again the origin of d∗
hkl is shifted fromA to O (Fig. 8.5).1

Figure 8.5 shows the construction of just one reflecting plane and one reciprocal
lattice point. It is a simple matter to extend it to all the reciprocal lattice points in a
crystal. Figure 8.6(a) shows a section of the reciprocal lattice of a monoclinic crystal

1 An alternative vector notation, widely used in transmission electron microscopy (Chapter 11), is to write
ko = so/λ and k = s/λ. Hence Bragg’s law in vector notation is k − ko = d∗hkl = ha∗ + kb∗ + lc∗. The
advantage of this notation is that the moduli of ko and k are equal to the radius of the Ewald reflecting sphere
(see Section 8.4). Further, the symbol ghkl (no star) is widely used instead of d∗hkl .
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Fig. 8.5. The Ewald reflecting sphere construction for a set of planes at the correct Bragg angle. A
sphere (the Ewald or reflecting sphere) is drawn, or radius 1/λ with the crystal at the centre. The vector
OB is identical to d∗hkl . The origin of the reciprocal lattice is fixed at O and the reciprocal lattice point
hkl intersects the sphere at the exit point of the diffracted beam.

perpendicular to the b∗ reciprocal lattice vector (i.e. the y-axis—see Fig. 6.5(a)). All the
reciprocal lattice points in this section have indices of the form h0l. An incident X-ray
beam is directed along the a∗ reciprocal lattice vector (i.e. along a direction in the crystal
perpendicular to the y-and z-axes—see Fig. 6.4(a)). The centre of the reflecting sphere
is at a distance 1/λ from the origin of the reciprocal lattice along the line of the incident
beam: note again that the origin of the reciprocal lattice is not at the centre of the sphere
but is at the point where the direct beam exits from the sphere.
In the section shown, Fig. 8.6(a), the reflecting sphere intersects the 201 reciprocal

lattice point: hence the only plane for which Bragg’s law is satisfied is the (201) plane
and the direction of the 201 reflected beam is as indicated.
Figure 8.6(a) only shows one layer or section of the reciprocal lattice (through the

origin) and a (diametral) sectionof the reflecting sphere. But the reciprocal lattice sections
above and below the plane of the page need to be taken into account and also the
smaller non-diametral sections of the reflecting sphere which intersects them. Fig. 8.6(b)
shows the ‘next layer above’ or h1l section of the reciprocal lattice (see Fig. 6.5(b)) and
the smaller, non-diametral section of the reflecting sphere which it intersects. Notice
that this section of the sphere does not pass through 010 (the reciprocal lattice point
immediately ‘above’ the origin 000). The sphere intersects the 211̄ reciprocal lattice
point, hence the (211̄) plane also satisfies Bragg’s law and the direction of the 211̄
reflected beam is from the centre of the sphere (which is not the point in the centre of
this smaller circle but the point in the centre of the sphere in the reciprocal lattice section
below—Fig. 8.6(a)) and the 211̄ reciprocal lattice point. The reflected beam direction
therefore cannot be drawn in Fig. 8.6(b) because it is directed upwards, out of the plane of
the page.
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Fig. 8.6. The Ewald reflecting sphere construction for a monoclinic crystal in which the incident
X-ray beam is directed along the a∗ reciprocal lattice vector, (a) Shows the h0l reciprocal lattice section
(through the origin and perpendicular to the b∗ reciprocal lattice vector or y-axis—see Fig. 6.5(a) and
a diametral section of the reflecting sphere radius 1/λ. The 201 reciprocal lattice point intersects the
sphere and the direction of the 201 reflected beam is indicated, (b) Shows the h1l reciprocal lattice
section (i.e. the layer ‘above’ the h0l section—see Fig. 6.5(b)) and the smaller, non-diametral section
of the reflecting sphere. The 211̄ reciprocal lattice point intersects the sphere, the direction of the 211̄
reflected beam is ‘upwards’ from the centre of the sphere (in the h0l section below) through the 211̄
reciprocal lattice point as indicated by the arrow-head.

Clearly, the construction can be extended to other reciprocal lattice sections, i.e.
through the h2l, h3l, etc. sections (above); the h1̄l, h2̄l, h3̄l etc. sections (below) and
so on. The further the reciprocal lattice section is from the origin, the smaller is the
section of the reflecting sphere which it intersects. In the example above, the sphere only
intersects the h0l section (Fig. 8.6(a)), the h1l section (Fig. 8.6(b)) and the h1̄l section
(below), but no more. Hence only these sections, and the reciprocal lattice points within
them, need to be considered.
In Fig. 8.6 the relative sizes of the reciprocal lattice and the sphere happen to be

such that just one reciprocal lattice point in each section intersects the sphere. Clearly
if the diameter of the sphere were made a little larger (i.e. the X-ray wavelength was
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Fig. 8.7. The Ewald reflecting sphere construction for the h0l reciprocal lattice section of the mon-
oclinic crystal shown in Fig. 8.6(a) for the ‘white’ X-radiation, i.e. for a range of wavelengths from
the smallest (largest sphere) to the largest (smallest sphere) giving rise to a ‘nest’ of spheres (shaded
region) all passing through the origin. The 102, 201, 200 and 201̄ reciprocal lattice points lying within
this region satisfy Bragg’s law, each for the particular wavelength or sphere which they intersect. The
directions of the reflected beams from these planes are indicated by the arrows.

made a little smaller) then no reciprocal lattice points would intersect the sphere and no
planes in the crystal would be at the correct Bragg angle for reflection; if the diameter of
the sphere were continuously made larger (or smaller) than that shown in Fig. 8.6 then
other planes would reflect as their reciprocal lattice points successively intersected the
sphere. This is the basis of Laue’s original X-ray experiment; ‘white’ X-radiation was
used which contains a range of wavelengths, which correspond to a range or ‘nest’ of
spheres of different diameters. Any plane whose reciprocal lattice point falls within this
range will therefore satisfy Bragg’s law for one particular wavelength.
The situation is illustrated in Fig. 8.7, again for the h0l reciprocal lattice section

of the monoclinic crystal shown in Fig. 8.6(a). The shaded region indicates a ‘nest’
of spheres with diameters in the wavelength range from largest wavelength (smallest
sphere diameter) to smallest wavelength (largest sphere diameter). All the planes whose
reciprocal lattice points lie within this region satisfy Bragg’s law for the particular sphere
on which they lie.
The Laue technique is unique in that it utilizes white X-radiation.All the others utilize

monochromatic or near-monochromatic (Kα)X-radiation. In order to obtain diffraction,
therefore, the crystal and the sphere (of a fixed diameter) must be moved relative to
one another; whenever a reciprocal lattice point touches the sphere then ‘out shoots’ a
diffracted (or reflected) beam from the centre of the sphere in a direction through the
reciprocal lattice point. As described in Chapter 9 there are several ways in which these
relative movements may be achieved in practice and several ways in which the diffracted
beams may be recorded. The crystal may be oscillated (oscillation method), precessed
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(precession method), the film may be arranged cylindrically round the crystal or flat,
it may be stationary or it may be moved in some way as in the Weissenberg method
(in which the cylindrical film movement is linked to the oscillation of the crystal) or,
as in the precession method, precessed with the crystal. The geometry of these X-ray
diffraction methods may appear to be complicated, but the basis of them all—the Ewald
reflecting sphere construction—is the same.

Exercises

8.1 Compare Figs 7.5 and 8.3; both show conditions for constructive interference, one for light
at a diffraction grating with line spacing a (Fig. 7.5) and one for X-rays reflected from planes
of spacing dhkl (Fig. 8.3). Show that the equations describing the conditions for constructive
interference in each case (nλ = a sin αn and nλ = 2dhkl sin θ ) are equivalent.

8.2 Iron (bcc, a = 0.2866, nm (2.866 Å)) is irradiated with CrKα X-radiation (λ = 0.2291 nm
(2.291 Å)). Find the indices {hkl} and d -spacings of the planes which give rise to X-ray
reflections.
(Note: In body-centred lattices, reflection from planes for which (h+ k + l) does not equal
an even integer are forbidden (see Appendix 6).)
(Hint: Prepare a table listing the indices and d -spacings of the allowed reflecting planes in
order of decreasing d -spacings and determine the θ angles for reflection using Bragg’s law.)

8.3 It is stated without proof with respect to Bragg’s law that when the atoms are not sym-
metrically disposed to the incident and reflected beams (Fig. 8.3(b)), the path difference
(AB+ BC) = 2dhkl sin θ . Prove, using very simple geometry, that this is indeed the case.
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The diffraction of X-rays

9.1 Introduction

In Chapter 8, the Laue equations and Bragg’s law were derived on the basis that single
atoms, of unspecified scattering power, were situated at each lattice point. Now we
need to consider the physics of the scattering process. Since it is almost exclusively
the electrons in atoms which contribute to the scattering of X-rays we have to sum the
contributions to the scattered amplitude of all the electrons in all the atoms in the crystal,
a problem which may be approached step-by-step. First the scattering amplitude of a
single electron and the variation in scattering amplitude with angle is determined. Then
the scattering amplitude of an atom is determined by summing the contributions from
all Z electrons (where Z = the atomic number of the atom)—the summation taking into
account the path or phase differences between all the Z scattered waves. The result of
this analysis is expressed by a simple number, f , the atomic scattering factor, which
is the ratio of the scattering amplitude of the atom divided by that of a single (classical)
electron, i.e.

atomic scattering factor f = amplitude scattered by atom

amplitude scattered by a single electron
.

At zero scattering angle, all the scatteredwaves are in phase and the scattered amplitude is
the simple sum of the contribution from all Z electrons, i.e. f = Z .As the scattering angle
increases, f falls below Z because of the increasingly destructive interference effects
between the Z scattered waves. Atomic scattering factors f are plotted as a function of
angle (usually expressed as sin θ /λ). Figure 9.1 shows such a plot for the oxygen anion
O2−, the neon atom Ne, and the silicon cation Si4+—all of which contain 10 electrons.
When sin θ /λ = 0, f = 10 but with increasing angle f falls below 10. The extent to
which it does depends upon the relative sizes of the atoms or ions; the silicon cation is
small, hence the phase differences are small and the destructive interference between
the scattered waves is least—and conversely for the large oxygen anion.
The scattering amplitude of a unit cell is determined by summing the scattering

amplitudes, f , from all the atoms in the unit cell (equivalent, in the case of a primitive
unit cell), to all the atoms in the motif. Again, the summation must take into account the
path or phase differences between all the scattered waves and is again expressed by a
dimensionless number, Fhkl ,the structure factor, i.e.

structure factor Fhkl = amplitude scattered by the atoms in the unit cell

amplitude scattered by a single electron
.
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Fig. 9.1. The variation in atomic scattering factor f with scattering angle (expressed as sin θ /λ) for
atoms and ions with ten electrons. Note that the decrease in f is greatest for the (large) O2− anion and
least for the (small) Si4+ cation.

Fhkl must not only express the amplitude of scattering from a reflecting plane with Laue
indices hkl but must also express the phase angle of the scattered wave, an important
concept which is explained in Section 9.2 below. Fhkl is therefore not a simple num-
ber, like f , but is represented as a vector or mathematically as a complex number (see
Appendix 5).

Crystal structure determination is a two-part process: (a) the determination of the
size and shape of the unit cell (i.e. the lattice parameters) from the geometry of the
diffraction pattern and (b) the determination of the lattice type and distribution of the
atoms in the structure from the (relative) intensities of the diffraction spots. Part (a) is
in principle a straightforward process; part (b) is not, because films and counters record
intensities which are proportional to the squares of the amplitudes. The square of a
complex number, Fhkl is always real (i.e. a simple number) and hence the information
about the phase angles of the diffracted beams is lost.Amajor problem in crystal structure
determination is, in effect, the recovery of this phase information and requires for its
solution as much insight and intuition as mathematical and crystallographic knowledge.
A graphic account of the problems involved in the epoch-making determination of the
structure of DNA is given by one of those most closely involved, James D. Watson, in
his book The Double Helix (see Further Reading).
The distinction between the direction-problem and intensity-problem of diffracted

beams from crystals has its corollary in the diffraction of light from diffraction gratings,
which may be expressed as follows. A (primitive) crystal with one atom per lattice
point (Fig. 9.2(a)) may be regarded as being analogous to a ‘narrow slit’ diffraction
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Fig. 9.2. (a) Part of a crystal lattice with atoms with atomic scattering factor f0, situated at each lattice
point, and a particular set of (hkl) planes through the lattice points. Incident/reflected beams at the Bragg
angle θ to these planes are indicated by the arrows. (b) As for (a), but with another atom with atomic
scattering factor f1 defined by position vector r1. The path difference (shown for simplicity for one
motif) is given by (AB – CD), s and s0 are unit vectors along the reflected and incident beam directions
and the component of r1 perpendicular to the (hkl) planes is also indicated. (c) The process of reflection
and re-reflection for a single incident beam I; as it passes through the crystal at the Bragg angle θ it
is (partially) reflected by each successive plane. The reflected beams R are then re-reflected from the
‘undersides’ of the planes giving rise to beams RR with interfere destructively with the direct beam D.
Clearly, the process is repeated for all the beams throughout the crystal.
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grating in which each slit can be regarded as the source of a single Huygens’ wavelet
which propagates uniformly in all directions (Fig. 7.5). Only the interference effects of
light emanating from different slits (equivalent to single atoms at lattice points) need
to be taken into account and these determine the directions of the diffracted beams
(Section 7.4). The intensities of the diffracted beams are proportional to the squares of
the scattered amplitudes of the Huygens’wavelets (for light) or the squares of the atomic
scattering factors of the single atoms (for X-rays).
A (primitive) crystal with a motif consisting of more than one atom (Fig. 9.2(b))

may be regarded as being analogous to a ‘wide slit’ diffraction grating in which the
interference effects from all the atoms in the motif may be regarded as being analogous
to the interference effects between all the Huygens’wavelets distributed across each slit.
Of course, the problem is rather more complicated because the atoms in the motif do not
all lie in a plane or surface as do the Huygens’wavelets, but the principle—of summing
the contributions with respect to phase differences—is the same.
As shown inSection 7.4 andFig. 7.7, the diffraction pattern fromawide-slit diffraction

grating may be expressed as that from a narrow-slit grating in which the intensities of the
diffracted beams are modulated by the intensity distribution predicted to occur from a
single wide slit. Similarly, in the case of X-ray diffraction from crystals it is the structure
factor, Fhkl , which expresses the interference effects from all the atoms in the unit cell
and which modulates, in effect, the intensities of the diffracted beams.
The final step is to sum the contributions from all the unit cells in the crystal. This

is a difficult problem because we have to take into account the fact that the incident
X-ray beam is attenuated as it is successively scattered by the atoms in the crystal—such
that atoms ‘deeper down’ in the crystal encounter smaller amounts of incident radiation.
Furthermore, the reflected beams also propagate through the crystal at the Bragg angle θ

(see Fig. 9.2(c)) and are hence ‘re-reflected’ in a direction parallel to that of the incident
beam. These re-reflected beams then interfere destructively1 with the incident or direct
beam, attenuating it still further. This is covered in a comprehensive analysis, known as
the dynamical theory of X-ray diffraction because it takes into account the dynamical
interactions between the direct, reflected and re-reflected, etc., beams. It is much simpler
to consider the case in which the size of the crystal is sufficiently small such that the
attenuation of the direct beam is negligible and the intensities of the diffracted beams
are small in comparison with the direct beam.2 This case is fairly readily achieved in
X-ray diffraction and enables the observed relative intensities of the diffracted spots
to be assumed to be equal to the relative intensities of the squares of the Fhkl values.3

1 When considering the interference between the direct and re-reflected beams, the 180◦ or π phase differ-
ence of the re-reflected beams needs to be taken into account. This complication does not arise when we are
considering interference between the reflected or diffracted beams alone.
2 The crystal size in this context is better expressed by the notion of coherence length—the dimensions over

which the scattering amplitudes from the unit cells can be summed. Crystal imperfections—dislocations, stack-
ing faults, subgrain boundaries—within imperfect single crystals effectively limit or determine the coherence
length as well as grain boundaries in perfect crystals (see Section 9.3.3).
3 A number of physical and geometrical factors also need to be taken into account—temperature factor,

Lorentz-polarization factor, multiplicity factor, absorption factor, etc. These are described in standard textbooks
such as Elements of X-ray Diffraction by B. D. Cullity and S. R. Stock, (2001) Addison Wesley.
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In electron diffraction, however, dynamical effects are always important and the above
assumption cannot be made, but they are an important source of specimen contrast in
the electron microscope.
Finally, we have to consider the connection between the diffraction pattern and the

type of unit cell (whether it is centred or not) and the symmetry elements present. It
turns out that the presence of the centring lattice points and translational symmetry
elements (glide planes and screw axes—see Section 4.5) results in ‘zero intensity’ or
systematically absent reflections from certain planes with Laue indices hkl. This topic,
and that of double diffraction, which is of particular importance in the case of electron
diffraction, are discussed in Appendix 6.

9.2 The intensities of X-ray diffracted beams:
the structure factor equation and its applications

We shall begin by considering the simplest case of a primitive crystal with just one atom
at each lattice point. Figure 9.2(a) shows part of such a crystal with atoms with atomic
scattering factor f0 at each lattice point (the subscript 0 indicating that each atom is at
an origin). Consider an X-ray beam incident at the correct Bragg angle θ in a particular
set of lattice planes (hkl) as indicated. For all the atoms lying in one plane the path
differences between the reflected beams are zero, and for the atoms lying in successive
planes spaced dhkl , 2dhkl etc. apart the path differences are λ, 2λ, etc. (Fig. 8.3). In all
cases constructive interference occurs and the total scattered amplitude (relative to that
of a single electron—see Section 9.1) is simply the sum of the atomic scattering factors.
Hence, since we have a primitive crystal with one lattice point and therefore one atom
per unit cell, the scattered amplitude from one cell, Fhkl , is simply equal to the atomic
scattering factor, f0.
Now consider a crystal with a motif consisting of two atoms, one at the origin with

atomic scattering factor f0, as before and another with atomic scattering factor f1 at a
distance from the origin defined by vector r1 (Fig. 9.2(b)); r1 is called a position vector
because it specifies the position of an atom within the unit cell. It may be expressed
in terms of its components or fractional atomic coordinates along the unit cell vectors
a, b, c in the same way as for a lattice vector ruvw, i.e. r1 = x1a + y1b + z1c; the
important difference being that the components x1y1z1 are fractions of the cell edge
lengths, whereas the components uvw of a lattice vector ruvw are integers.
The path difference (P.D.) between the waves scattered by these two atoms is AB –

CD (Fig. 9.2(b)), which, expressed in vector notation, is:

P.D. = AB− CD = r1 · s − r1 · s0 = r1 · (s − s0)

where s, s0 are unit vectors along the direction of the reflected and incident beams,
respectively. Two substitutions can be made in this equation. First, r1 may be expressed
in terms of its components and second (since Bragg’s law is satisfied) the vector (s – s0)
may be expressed in terms of λ and dhkl (see Section 8.3), i.e.

(s − s0) = λd∗
hkl = λ(ha∗ + kb∗ + lc∗).
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Hence

P.D. = λ(x1a + y1b + z1c) · (ha∗ + kb∗ + lc∗)

multiplying out, and remembering the identities a · a∗ = 1, etc., a · b∗ = 0, etc.:

P.D. = λ(hx1 + ky1 + lz1).

This equation is another manifestation of the Weiss zone law (Section 6.5.3); in
this case the number within the brackets (hx1 + ky1 + lz1) represents the component
of r1 perpendicular to the lattice planes as a fraction of the interplanar spacing, dhkl
(Fig. 9.2(b)). It is clearly the important number with respect to constructive/destructive
interference conditions; when for example (hx1 + ky1 + lz1) = 0 (the two atoms lying
within the (hkl) planes), complete constructive interference occurs and when (hx1 +
ky1 + hz1) = 0.5 (the second atom lying halfway between the (hkl) planes), destructive
interference occurs, which is complete when the atomic scattering factors of the two
atoms in the motif are equal.
In general, in adding the contributions of the two atoms, we need to use a vector-

phase diagram in which the lengths or moduli of the vectors are proportional to the
atomic scattering factors of the atoms, and the phase angle between them, φ1, is equal
to 2π/λ (P.D.), i.e. in the above case

φ1 = 2π(hx1 + ky1 + lz1).

This is shown in Fig. 9.3(a). The resultant is the structure factor, Fhkl .
The analysis may be simply extended to any number of atoms in the motif with

position vectors r1, r2, r3 etc. and phase angles (referred to the origin) φ1, φ2, φ3 etc.
The resultant, Fhkl is found by adding all the vectors, representing the atomic scattering
factors of all the atoms, as shown in Fig. 9.3(b). Note that the phase angles, φ, are all
measured with respect to the origin (horizontal line in Fig. 9.3); they are not the angles

Fhkl

Fhkl

(a) (b)

f0

f1

f0

f1

f2

f3

f4

f2

f3

f4

f1f1
�

�

Fig. 9.3. Vector-phase diagrams for obtaining Fhkl . The atomic scattering factors f1, f2, . . . are rep-
resented as vectors with phase angles φ1,φ2, . . . with respect to a wave scattered from the origin: (a)
result for two atoms and (b) result for several atoms.
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between the vectors. Note also that, although for simplicity we began with an atom at the
origin, there need not be one there. The length or modulus of the vector Fhkl represents
the resultant amplitude of the scattered or reflected beam and the angle�which it makes
with the horizontal line is the resultant phase angle.
Adding vectors graphically in this way is obviously not very convenient; in practice

vector-phase diagrams, such as Fig. 9.3, are substituted by Argand diagrams in which
Fhkl is represented as a complex number (see Appendix 5), i.e.

Fhkl =
n=N∑
n=0

fn exp 2π i(hxn + kyn + lzn)

where fn, is the atomic scattering factor and 2π (hxn + kyn + lzn) is the phase angle φn

of the nth atom in the motif with fractional coordinates (xn yn zn).
Many students are deterred at first sight of equations such as this. It is important to

realize that it merely represents an analytical way of adding vectors ‘top to tail’, the
convenience and ease of which is soon appreciated by way of a few examples.

Example 1: CsCl structure (Fig. 1.12). The (xn yn zn) values are (000) for Cl, atomic

scattering factor fCl and
(
1
2
1
2
1
2

)
for Cs, atomic scattering factor fCs. Substituting these

two terms in the equation:

Fhkl = fCl exp 2π i(h0+ k0+ l0) + fCs exp 2π i
(
h 12 + k 12 + l 12

)
= fCl + fCs expπ i(h+ k + l).

Two situations may be identified: when (h + k + l) = even integer, exp π i (even
integer) = 1, hence Fhkl = fCl + fCs and when (h+ k + l) = odd integer, exp π i (odd
integer) = −1, hence Fhkl = fCl − fCs. These two situations may be simply represented
on theArgand diagram as shown in Fig. 9.4. Note that in both casesFhkl is a real number;
the imaginary component is zero. This arises because CsCl has a centre of symmetry at
the origin, as explained below.

fCs

fCs

fCl

fCl

(a)

(b)

(fCl + fCs)

(fCl – fCs)

Fig. 9.4. Argand diagrams for Fhkl for CsCl (a) (h + k + l) = even integer, Fhkl = fCl + fCs; (b)
(h+ k + l) = odd integer, Fhkl = fCl − fCs.
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Fig. 9.5. TheArgand diagram for a centrosymmetric crystal. The phase angle+φ for the atom at (xyz)
is equal and opposite to the phase angle −φ for the atom at (x̄ȳz̄), hence Fhkl is real.

Example 2: bcc metal structure. The atomic coordinates are (000), (1/2 1/2 1/2)—the
same as for CsCl—but the atomic scattering factors are equal. Proceeding as before we
find that when (h+ k + l) = odd integer, Fhkl is zero (see Appendix 6).

Example 3: A crystal with a centre of symmetry at the origin. This is an important case
because the structure factor for all reflections is real (as in Examples 1 and 2).

For every atom with fractional coordinates (xyz) and phase angle +φ there will be an
identical one on the opposite side of the origin with fractional coordinates (x y z) and
phase angle −φ. For these two atoms:

Fhkl = f exp 2π i(hx + ky + lz) + f exp 2π i(hx̄ + kȳ + lz̄)

= f exp 2π i(hx + ky + lz) + f exp−2π i(hx + ky + lz).

The second term is the complex conjugate of the first, hence the sine terms cancel and

Fhkl = 2f cos 2π(hx + ky + lz)

as shown graphically in Fig. 9.5.

Example 4: hcp metal structure. Here we have a choice of unit cells (Fig. 5.8). It is
best to refer to the primitive hexagonal cell, Fig. 5.8(a), which contains two identical
atoms, atomic scattering factor f . We also have a choice of origin. We can choose a
cell with one atom at the origin (000) (an A-layer atom) and the other with fractional
atomic coordinates (1/3 2/3 1/2) (a B-layer atom), Fig. 9.6. In this case the origin is not at a
centre of symmetry.Alternatively, we can place the origin at a centre of symmetry which
are at positions equidistant between an A-layer and a next nearest B-layer atom (not, it
should be noted between adjacent A and B-layer atoms). One such choice of origin is
also shown in Fig. 9.6 and the fractional atomic coordinates in the cell become (1/3 2/3
3/4) and (2/3 1/3 1/4) (equivalent to (1/3 2/3 1/4)). These correspond to the fractional atomic
coordinates denoted by Wyckoff letter d in space group P63/mmc (Fig. 4.14).

It is a useful exercise to apply the structure factor equation to both of these choices
of origin. First we choose the origin at an A-layer atom. Substituting coordinates (000)
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Fig. 9.6. hcp metal structure, centres of A and B layer atoms as indicated. The origin of the primitive
hexagonal cell may be chosen at an atom position (solid lines) or at centre of symmetry (dashed lines).

and (1/3 2/3 1/2) in the equation:

Fhkl = f exp 2π i(h0+ k0+ l0) + f exp 2π i
(
h 13 + k 23 + l 12

)
= f

(
1+ exp 2π i

(
h 13 + k 23 + l 12

))
.

Now let us apply this to some particular (hkl) planes, e.g. (002)≡ (0002); (100)≡ (101̄0)
and (101) ≡ (101̄1):

F002 = f (1+ exp 2π i) = 2f

F100 = f
(
1+ exp 2

3π i
)
= f

(
1+ cos 23π + i sin 2

3π
)
= f (0.5+ i0.866)

F101 = f
(
1+ exp 2π i

(
1
3 + 1

2

))
= f

(
1+ cos 53π + i sin 5

3π
) = f (1.5− i0.866).

These results are shown graphically in Fig. 9.7. Note that F100 and F101 are complex
numbers.
The intensities Ihkl ofX-ray beams are proportional to their amplitudes squared, orFhkl

multiplied by its complex conjugate F∗
hkl (see Appendix 5). For the hcp metal example

above:

I002 = 2f · 2f = 4f 2

I100 = f (0.5+ i0.866)f (0.5− i0.866) = f 2

I101 = f (1.5− i0.866)f (1.5+ i0.866) = 3f 2.

Again, it should be stressed that Ihkl is a real number, the phase information expressed
in Fhkl is lost.
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Fig. 9.7. Argand diagrams for an hcp metal for (left to right) F002, F100 and F101 showing also how
these structure factors are obtained graphically by vector addition. The origin is not at the centre of
symmetry.

For the origin at a centre of symmetry we use the simplified equation (Example 3) and
coordinates (1/3 2/3 3/4).

Fhkl = 2f cos 2π
(
h1/3+ k2/3+ l3/4

)
.

Again, for the particular (hkl) planes (002), (100) and (101) we have:

F002 = 2f cos 3π = 2f ; I002 = 4f 2

F100 = 2f cos 2π/3 = f ; I100 = f 2

F101 = 2f cosπ13/6 =
√
3/2f ; I101 = 3f 2.

Note that the structure factors are real and (of course) the intensities are the same as
those obtained in the previous case.

Example 5: Non-centrosymmetric crystal: Friedel’s Law and anomalous scattering. It
follows from Example 3 that the diffraction pattern from a centrosymmetric crystal is
also centrosymmetric. However, except for the case of anomalous scattering discussed
below, even if a crystal does not possess a centre of symmetry, the diffraction pattern
will still be centrosymmetric. This is known as Friedel’s law which may be proved with
reference to theArgand diagram in Fig. 9.8(a). We have to show that the intensity of the
reflection from the hkl planes, i.e. Ihkl is equal to that from the h̄k̄ l̄ planes, i.e. Ih̄k̄ l̄ .

As can be seen, Fh̄k̄l̄ is the complex conjugate of Fhkl ; i.e. Fh̄k̄l̄ = F∗
hkl and similarly

Fhkl = F ∗̄
hk̄l̄
.

Hence Ihkl = Fhkl · F∗
hkl = F ∗̄

hk̄l̄
· Fhkl = Ih̄k̄ l̄ .

The presence of a centre of symmetry in the diffraction pattern means that non-
centrosymmetric crystals cannot be distinguished from those with a centre of symmetry.
There are eleven centrosymmetric point groups (Table 3.1, page 91) and hence
eleven symmetries which diffraction patterns can possess. These are called the eleven
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Fig. 9.8. Argand diagram for a non-centrosymmetric crystal: (a) no anomalous scattering; (b)
anomalous scattering for atom B (see Fig 9.9).

Table 9.1 The eleven Laue point groups or crystal classes.

Crystal system Laue point group Non-centrosymmetric point
and centrosymmetric groups belonging
point group to the Laue point group

Cubic m3̄m 432 4̄3m
(two Laue point groups) m3̄ 23

Tetragonal 4/mmm 422 4mm 4̄2m
(two Laue point groups) 4/m 4 4̄

Orthorhombic mmm 222 mm2

Trigonal 3̄m 32 3m
(two Laue point groups) 3̄ 3

Hexagonal 6/mmm 622 6mm 6̄m2
(two Laue point groups) 6/m 6 6̄

Monoclinic 2/m 2 m

Triclinic 1̄ 1

Laue groups and are identified by the corresponding point group symbol of the
centrosymmetric point group. They are listed in Table 9.1.
Friedel’s law holds so long as the phases of the scattered waves are those expected for

scattering at the atomic centres, i.e. precisely at the positions specified by the fractional
atomic coordinates (xn yn zn). However, if the energy of the incident X-rays is just
sufficient to displace the innermost K-electrons from their orbitals, i.e. if the wavelength
is just below theK-absorption edgewavelength of an atom, then the phase of the scattered
wave differs from that expected from scattering at the atomic centre. It is as if the atom
were displaced and the sense of the displacement depends on whether the reflection is
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Fig. 9.9. Representation of anomalous scattering of atom labelled B: (a) hkl reflection, B displaced to
B′; and (b) h̄k̄ l̄ reflection, B displaced to B′′.

from the ‘top’or ‘underside’of the reflecting planes. This is the condition for anomalous
scattering. Figure 9.9 (due to W.L. Bragg) shows the geometry involved for just three
atoms, A, B and C, one of which, B, scatters anomalously.
For the hkl reflection, Fig. 9.9(a), B scatters as if it were situated at B′ and for the h̄k̄ l̄

reflection, Fig. 9.9(b), B scatters as if it were at B′′. The resultant amplitudes, obtained
by combining the effects of all the atoms, will clearly be different.
The effect may also be represented in the Argand diagram; the alteration of phase of

an anomalously scattering atom is equivalent to combining the normal f of the atomwith
a vector �f at right angles to it as shown in Fig. 9.8(b), where the resultant structure
factors Fhkl and Fh̄k̄l̄ which are now different, are shown by the dashed lines.
Anomalous scattering (or absorption) can be ‘put to use’ to distinguish centrosymmet-

ric and non-centrosymmetric point groups. In particular it can be used to distinguish the
right and left-handed (dextro and laevo) crystals in the enantiomorphic point groups—
e.g. tartaric acid (Fig. 4.6, page 107). In so doing a salt is synthesized which contains an
anomalously scattering atom for the X-ray wavelength used. The first such experiments
were carried out by J.M.Bijvoet∗ using crystals of sodium rubidium tartrate. It is very for-
tunate (even chances!) that the dextro- and laevo-configurations thus determined agree
with those of chemical convention—otherwise all the dexro- and laevo-conventions
would have had to be interchanged.
To summarize, these simple examples show how the amplitude, Fhkl , and hence the

intensity, Ihkl , of the reflected X-ray beam from a set of hkl planes can be calculated from
the simple ‘structure factor’ equation on p. 209; all we need to know are the positions
of the atoms in the unit cell (the xn yn zn values) and their atomic scattering factors,
fn. The great importance of the equation is that it can be applied, as it were, ‘the other
way round’: by measuring the intensities of the reflections from several sets of planes
(the more the better), the positions of the atoms in the unit cell can be determined.
This is the basis of crystal structure determination, which has developed and expanded
since the pioneering work of the Braggs, so that, at the time of writing, some 400 000
different crystal structures are known. Many of these are very complex, for example
protein crystals in which the motif may consist of several thousand atoms. Again, it

∗ Denotes biographical notes available in Appendix 3.
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should be emphasized that the procedures are invariably not straightforward because the
phase information in going from the Fhkl to the (measured) Ihkl values is lost, e.g. as in
Example 4, Fig. 9.7. This is called the phase problem in crystal structure determination,
which may be understood with reference to Fig. 9.3(b). All Fhkl vectors with the same
modulus or amplitude will give the same observed intensity Ihkl ; the value of the phase
angle �, which is an essential piece of information in the vector-phase diagram, is lost.
In short, we do not know in which direction the vector Fhkl ‘points’, e.g. as in Fig. 9.7.
In some cases (as in Example 4), the problem is simply solved if we are able to arrange
the origin to coincide with a centre of symmetry in the crystal in which case, as shown
in Example 3, Fig. 9.5, the phase angle φ is zero and the structure factor Fhkl is a real
number with no imaginary component. However, in the many cases where the crystal
does not possess a centre of symmetry, we must resort to more subtle procedures, the
details of which are beyond the scope of this book. One method is to arrange a heavy
atom (possibly substituted in the crystal structure for a light atom) to be at the origin.
Then, in terms of our vector-phase diagram (Fig. 9.3(b)), f0 is so large that it dominates
the contributions of all the other atoms such that the phase angles� for all theFhkl values
are small and therefore can more easily be guessed at. In all cases the structure factor
equation is expressed as it were in a ‘converse’ form (or transform of that on p. 209 in
which atomic positions (expressed as electron (X-ray scattering) density) are expressed
in terms of the Fhkl values of the reflections.
The notion of electron density provides a much more realistic representation of

atomic structure. Atoms, which are detected by X-rays from the scattering of their
constituent electrons, have a finite size and the atomic coordinates essentially represent
those positions where the amount of scattering (the electron density) is the highest. In
our two-dimensional plan views (Section 1.8) we may therefore represent the atoms as
hills—a contour map of electron density; the ‘higher the hill’ the greater the atomic scat-
tering factor of the atom. These ideas, which involve the application of Fourier analysis,
are introduced in Chapter 13, but it is a subject of great complexity which is covered in
more detail in those books on crystal structure determination which are listed in Further
Reading.

9.3 The broadening of diffracted beams:
reciprocal lattice points and nodes

In Chapter 8 we treated diffraction in a purely geometrical way, incident and reflected
beams being represented by single lines implying perfectly narrow, parallel beams and
reflections only at the Bragg angles. Of course, in practice, such ‘ideal’ conditions do
not occur; X-ray beams have finite breadth and are not perfectly parallel to an extent
depending upon the particular experimental set-up. Such instrumental factors give rise
to broadening of the reflected X-ray beams: the reflections peak at the Bragg angles and
decrease to zero on either side. However, broadening is not solely due to such instru-
mental factors but muchmore importantly also arises from the crystallite size, perfection
and state of strain in the specimen itself. The measurement of such broadening (having
accounted for the contribution of the instrumental factor) can then provide information
on such specimen conditions.
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We now consider the effects of crystal size on the broadening and peak intensity of
the reflected beams, which lead to the Scherrer equation (Section 9.3.1) and the notion
of integrated intensity (Section 9.3.2). In Section 9.3.3 we consider the imperfection (or
mosaic structure) of real crystals. The effect of lattice strain on broadening is covered in
Section 10.3.4.

9.3.1 The Scherrer equation: reciprocal lattice points and nodes

In Section 7.4 we found that when the number N of lines in a grating, or the number
of apertures in a net, were limited, the principal diffraction maxima were broadened
and surrounded by much fainter subsidiary maxima. These phenomena are shown in
Fig. 7.3(d) and diagrammatically in Fig. 7.9. Precisely the same considerations apply to
X-ray (and electron) diffraction from ‘real’ crystals in which the number of reflecting
planes is limited: and the broadening and occurrence of the subsidiary maxima can be
derived by similar arguments. This, in turn, leads us to modify our concept of reciprocal
lattice points, which are not geometrical points, but which have finite size and shape,
reciprocally related, as we shall see, to the size and shape of the crystal. There is, as
far as I know, no common term to express the fact that reciprocal lattice points do have
a finite size and shape, except in special cases such as the reciprocal lattice streaks or
‘rel-rods’ which occur in the case of thin plate-like crystals. Reciprocal lattice nodes
seems to be the closest approximation to a common term.
The broadening of the reflected beams from a crystal of finite extent is derived as

follows. Consider a crystal of thickness or dimension t perpendicular to the reflecting
planes, dhkl , of interest. If there are m planes then mdhkl = t. Consider an incident
beam bathing the whole crystal and incident at the exact Bragg angle for first order
reflection (Fig. 9.10 (a)). For the first two planes labelled 0 and 1, the path difference
λ = 2dhkl sin θ ; for planes 0 and 2 the path difference is 2λ = 4dhkl sin θ and so on—
constructive interference between all the planes occurs right through the crystal. Now
consider the interference conditions for an incident and reflected beam deviated a small
angle δθ from the exact Bragg angle (Fig. 9.7(b)). For planes 0 and 1 the path difference
will be very close to λ as before and there will be constructive interference. However, for
planes 0 and 2, 0 and 3, etc. the ‘extra’path difference will deviate increasingly from 2λ,
3λ etc.—and when it is an additional half-wavelength destructive interference between
the pair of planes will result.
The condition for destructive interference for the whole crystal is obtained by notion-

ally ‘pairing’ reflections in the same way as we did for the destructive interference of
Huygens’wavelets across awide slit (Fig. 7.8). Consider the constructive and destructive
interference condition between planes 0 and (m/2) (halfway down through the crystal).
At the exact Bragg angle θ (Fig. 9.10 (a)), the condition for constructive interference is
(m/2)λ = (m/2)2dhkl sin θ . The condition for destructive interference at angle (θ + δθ )
is given by (m/2)λ + λ/2 = (m/2)2dhkl sin(θ + δθ ). Now this is also the condition
for destructive interference between the next pair of planes 1 and (m/2) + 1—and so
on through the crystal. This equation gives us, in short, the condition for destructive
interference for the whole crystal and the angular range δθ (each side of the exact Bragg
angle) of the reflected beam.
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Fig. 9.10. Bragg reflection from a crystal of thickness t (measured perpendicular to the particular set
of reflecting planes shown). The whole crystal is bathed in an X-ray beam (a) at the exact Bragg angle
θ and (b) at a small deviation from the exact Bragg angle, i.e. angle (θ + δθ ). The arrows represent the
incident and reflected beams from successive planes 0,1,2,3 … (m/2) (half-way down) and … m (the
lowest plane).

Expanding the sine term and making the approximations cos δθ = 1and sin δθ ≈ δθ

gives:

(m/2)λ + λ/2 = (m/2)2dhkl sin θ + (m/2)2dhkl cos θδθ .

Cancelling the terms (m/2)λ and (m/2)2dhkl sin θ and substituting mdhkl = t gives

2δθ = λ

t cos θ
= 2d sin θ

t cos θ
= 2 tan θ

m
.

This is the basis of the Scherrer∗ equation which relates the broadening of an X-ray beam
to the crystal size t or number of reflecting planesm. The broadening is usually expressed
as β, the breadth of the beam at half the maximum peak intensity and in which the angles
are measured relative to the direct beam. As indicated in Fig. 9.11, β is approximately
equal to 2δθ , hence

β = λ

t cos θ
= 2 tan θ

m
.

The broadening can be represented in the Ewald reflecting sphere construction in terms
of the extension of the reciprocal lattice point to a node of finite size. Figure 9.12 shows

∗ Denotes biographical notes available in Appendix 3.
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Fig. 9.11. A schematic diagram of a broadened Bragg peak arising from a crystal of finite thickness.
The breadth at half the maximum peak intensity, β, is approximately equal to 2δθ . Note that the angular
‘2θ ’ scale is measured in relation to the direct and reflected beams.
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Fig. 9.12. The Ewald reflecting sphere construction for a broadened reflected beam, β, which
corresponds to an extension 1/t of the reciprocal lattice node.

a diffracted beam (angle 2θ to the direct beam) which is broadened over an angular
range 2β ≈ 4δθ . This is expressed by extending the reciprocal lattice point into a node
of finite length which, as the crystal rotates, intersects the reflecting sphere over this
angular range. Let δ(d∗

hkl) represent the extension of the reciprocal lattice point about its
mean position. Now since

∣∣d∗
hkl

∣∣ = d∗
hkl =

2 sin θ

λ
;

δ(d∗
hkl) = δ

(
2 sin θ

λ

)
= 2 cos θ

λ
δθ .
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Substituting for δθ from above gives:

δ(d∗
hkl) =

2 cos θ

λ
· λ

2t cos θ
= 1

t

i.e. the extension of the reciprocal lattice node is simply the reciprocal of the crystal
dimension perpendicular to the reflecting planes. This applies to all the other directions
in a crystal with the result that the shape of the reciprocal lattice node is reciprocally
related to the shape of the crystal. For example, in the case of thin, plate-like crystals
(e.g. twins or stacking faults), the reciprocal lattice node is a rod or ‘streak’perpendicular
to the plane of the plate.
The extension of the reciprocal lattice node δ

(
d∗
hkl

)
may also be expressed as a ratio

or proportion of d∗
hkl , i.e. since

δ
(
d∗
hkl

) = 1

t
= 1

mdhkl
=

(
d∗
hkl

)
m

,

then

δ
(
d∗
hkl

)
d∗
hkl

= 1

m
,

i.e. the ratio is simply equal to the reciprocal of the number of reflecting planes, m.
The above is a simplified treatment, both of the Scherrer equation and the extension

of reciprocal lattice points into nodes. The Scherrer equation is normally applied to the
broadening from polycrystalline (powder) specimens and includes a correction factor
K (not significantly different from unity) to account for particle shapes.4 Hence the
Scherrer equation is normally written:

β = Kλ

t cos θ
= Kλ sec θ

t
.

Finally, it should be noted that the reciprocal lattice nodes are also surrounded by sub-
sidiary nodes (or satellites, maxima, or fringes) just as in the case of light diffraction
from gratings with a finite number of lines (Section 7.4, Fig. 7.9). Inmost situations these
subsidiary nodes are very weak because the number of diffracting planes contributing to
the beam is large. However, in the case of X-ray diffraction from specimens consisting
of a limited number of diffracting planes, superlattice repeat distances or multilayers,
the subsidiary nodes (or satellites, maxima or fringes) are observable and are important
in the characterization of the specimen, as described in Section 9.6.

4 Note that the observed breadth at half the maximum peak intensity, βOBS, includes additional sources of
broadening arising from the experimental set up and instrumentation, βINST, which must be ’subtracted’ from
βOBS in order than β can be determined (see Section 10.3.3).
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9.3.2 Integrated intensity and its importance

In Section 9.3.1, we have seen the effect of crystal thickness on broadening. What
is its effect on the peak intensity, Imax (Fig. 9.11)? To answer this question we will
carry out a ‘thought experiment’. Let us suppose that in our crystal, of thickness t,
there are a total of n unit cells each of which contributes a scattering amplitude |Fhkl |.
The total scattered amplitude is therefore n|Fhkl | and the total scattered intensity, Imax,
is proportional to n2|Fhkl |2. Now let us separate the crystal into two halves, each of
thickness t/2. The X-ray peaks from each crystal are twice the breadth of that for the
single crystal (half the thickness, twice the breadth). The total scattered amplitude from
each crystal is n/2 |Fhkl | and hence the peak intensity is proportional to n2/4 |Fhkl |2.
Added together, the two crystals give a peak intensity, Imax = n/2 |Fhkl |2, i.e. half that
of the single crystal but a peak breadth twice that of the single crystal. What is constant
and independent of the ‘state of division’—or crystallite size in the specimen—is the
area under the diffraction peak. This quantity, usually measured in arbitrary units, is
called the integrated intensity of the reflection or just the integrated reflection. It is not a
measurement of intensity, but rather a measurement of the total energy of the reflection.
Furthermore, except for situations in which dynamical interactions need to be taken
into account (i.e. large, perfect crystals in which the reflected beams are comparable in
intensity with the direct beam—see Section 9.1), the integrated intensity is a measure of
|Fhkl | (and of course crystal volume).

9.3.3 Crystal size and perfection: mosaic structure and
coherence length

Except for rather special cases there is rarely a continuity of structure throughout the
whole volume of a ‘single’ crystal, but rather is separated into ‘blocks’ of slightly vary-
ing misorientation (Fig. 9.13(a))—a situation recognized in the early days of X-ray
diffraction from the discrepancy between the intensities predicted for ‘perfect’ crystals

(a) (b)

T

TT

T

Fig. 9.13. Representation of a single crystal: (a) divided into three mosaic blocks; and (b) the
boundaries as ‘walls’ of edge dislocations.
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and those actually observed. Ewald termed this a ‘mosaic’ structure—but of course
the nature of the mosaic blocks and the boundaries were unknown. It is now evident,
from transmission electron microscopy, that crystals contain dislocations which may be
distributed uniformly throughout the structure, or arrange themselves (as shown in the
simple case in Fig. 9.13(b)), into sub-grain boundaries. However, it remains the case
that the relationship between sub-grain size, as measured by electron microscopy, and
coherence length or mosaic size, as measured by X-ray broadening, is by no means
clear.
In an X-ray experiment, as a crystal is ‘swept’ through its diffracting condition, the

individual crystallites of the mosaic structure reflect at slightly different angles and the
total envelope of the diffraction profile, or integrated intensity, is the sum of all the
separate reflections.

9.4 Fixed θ , varying λ X-ray techniques: the Laue method

X-ray single crystal techniques may be classified into two groups depending upon the
way in which Bragg’s law is satisfied experimentally. There are two variables in Bragg’s
law—θ and λ—and a series of fixed values, dhkl . In order to satisfy Bragg’s law for any
of the d -values, either λ must be varied with θ fixed, or θ must be varied with λ fixed.
The former case has only one significant representative—the (original) Lauemethod and
its variants, whereas there are many methods based upon the latter case.
The geometry of the Laue method, in terms of the reflecting sphere construction, has

already been explained in Section 8.4. Nowwe need to consider the practical applications
of the technique. The important point to emphasize is that each set of reflecting planes
with Laue indices hkl (see Section 8.4) gives rise to just one reflected beam. Of all the
white X-radiation falling upon it, a lattice plane with Miller indices (hkl) reflects only
that wavelength (or ‘colour’) for which Bragg’s law is satisfied, a reflecting plane of half
the spacing with Laue indices 2h 2k 2l reflects a wavelength of half this value, and so
on. In other words the reflections from planes such as, for example, (111) (Miller indices
for lattice planes) 222, 333, 444, etc. (Laue indices for the parallel reflecting planes) are
all superimposed.
The usual practice is to record the back-reflected beams since thick specimens which

are opaque to the transmission of X-rays through them can be examined. The set-up
showing just one reflected beam in the plane of the paper is shown in Fig. 9.14(a). In
analysing the film it is necessary to determine the projection of the normal (or reciprocal
lattice vector) of each of the reflecting planes on to the film from each reflection S and
then to plot these on a stereographic projection. By measuring the angles between the
normals, and then comparing them with lists of angles such as given for cubic crystals
in Section A4.4 (Appendix 4), it is possible to identify the reflections. In practice such
manual procedures (involving the use of the Greninger net5) have largely been replaced

5 Greninger nets are prepared for a particular specimen-film distance (e.g. 30 mm), on which are drawn a
series of calibrated hyperbolae (for the back reflection case). By measuring the distance between two spots
along a hyperbola the angle between the normals, or the reciprocal lattice vectors of the two planes giving rise
to these spots, can be obtained.
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Fig. 9.14. (a) The geometry of the back-reflection Laue method for a particular set of hkl planes in a
single crystal. The wavelength of the reflected beam is that for which Bragg’s law is satisfied for the
particular fixed θ and dhkl value, (b)Aback-reflection Laue photograph of a single crystal of aluminium
oriented with a 〈100〉 direction nearly parallel to the incident X-ray beam showing the reflections S
from many (hkl) planes. They lie on a series of intersecting hyperbolae (close to straight lines in this
photograph), each hyperbola corresponding to reflections from planes in a single zone, [uvw]. Note the
four-fold symmetry of the intersecting zones indicating the 〈100〉 crystal orientation. (Photograph by
courtesy of Prof. G. W. Lorimer.)

by computer programs which determine the orientation of the crystal using as input
data the positions of spots on the film, film-specimen distance and (assumed) crystal
structure.
Hence (back reflection) Laue photographs may be used to determine or check the ori-

entation of single crystals and the orientation relationships between crystals.An example
of a Laue photograph is shown in Fig. 9.14(b).
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Figure 9.14(a) should be compared with Fig. 8.7. Consider for example the 201 recip-
rocal lattice point which is situated in the ‘nest’ of spheres representing the wavelength
range of the incident ‘white’X-radiation. Bragg’s law is satisfied for the particular wave-
length represented by the sphere which passes through the 201 reciprocal lattice point
and the direction of the reflected beam (indicated by the arrow) is from the centre of this
sphere (which can be found by construction) and the 201 reciprocal lattice point. This
beam makes angle (180◦ − 2θ ) with the incident beam and the reciprocal lattice vector
d∗
201 makes angle (90

◦ − θ ) with the incident beam.

9.5 Fixed λ, varying θ X-ray techniques:
oscillation, rotation and precession methods

In Section 8.4, Fig. 8.6, we showed the Ewald reflecting sphere construction for the case
where the incident X-ray beam was incident along the a∗ reciprocal lattice vector (from
the left). Figure 8.6(a) shows the h0l section of the reciprocal lattice through the centre
of the sphere and the origin of the reciprocal lattice and Fig. 8.6(b) shows the h1l section
of the reciprocal lattice and the smaller (non-diametral) section of the Ewald sphere. For
the particular wavelength and particular incident beam direction drawn in Fig. 8.6, only
two planes—201 and 211 satisfy Bragg’s law. Now, instead of varying λ, as in the Laue
case (Fig. 8.7), let us change the direction of the incident beam such that it is no longer
incident along the a∗ reciprocal lattice vector direction. This variation in the Bragg angle
is accomplished in practice by moving the crystal.

9.5.1 The oscillation method

Consider the crystal, Fig. 8.6, oscillated say ±10◦ about an axis parallel to the b∗
reciprocal lattice vector (or y-axis), i.e. perpendicular to the plane of the paper. As the
crystal is (slowly) oscillated, the angles between the incident beam and hkl planes vary
and whenever Bragg’s law is satisfied for a particular plane ‘out shoots’ momentarily a
reflected beam. The oscillation of the crystal can be represented by an oscillation of the
reciprocal lattice about the origin: imagine a pencil fixed to the crystal perpendicular
to the page with its point at the origin of Fig. 8.6(a). As you oscillate the pencil the
reciprocal lattice oscillates about the origin but the Ewald sphere remains fixed, centred
along the direction of the incident beam from the left: whenever a reciprocal lattice point
intersects the sphere ‘out shoots’ a reflected beam.
The relative movement of the sphere and reciprocal lattice is most easily represented,

not by drawing the whole reciprocal lattice in its different positions, but by drawing the
Ewald sphere at the extreme limits of oscillation say 10◦ in one direction and 10◦ in the
other. These limits are shown in Fig. 9.15 for (a) the h0l and (b) the h1l reciprocal lattice
sections. The shaded regions, called ‘lunes’ because of their shape, represent the regions
of reciprocal space through which the surface of the sphere passes as it is oscillated.
Only those reciprocal lattice points which lie within these shaded regions give rise to
reflected beams.
There are several ways of recording the reflected beams. The simplest is to arrange a

cylindrically shaped film coaxially around the crystal (with a hole to allow the exit of the
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Fig. 9.15. The Ewald reflecting sphere construction for a monoclinic crystal in which the incident
X-ray beam is oscillated ±10◦ from the direction of the a∗ reciprocal lattice vector about the [010]
direction (y-axis, perpendicular to the plane of the paper). The directions of the X-ray beams and the
corresponding surface of the reflecting sphere are shown at the limits of oscillation. Any reciprocal
lattice points lying in the regions of reciprocal space through which the reflecting sphere passes (the
shaded regions, called ‘lunes’) give rise to reflections, (a) The h0l reciprocal lattice section through the
origin and a diametral section of the reflecting sphere and (b) the h1l reciprocal lattice section (i.e. the
layer ‘above’ the h0l section) and the smaller, non-diametral section of the reflecting sphere (compare
with Fig. 8.6). In these two sections the planes which reflect are 201, 102, 001,201, 102 (zero layer line)
and 112, 211 (first layer line above).

incident beam) such that reflections at all angles can be recorded. Now, all the reflected
beams from the h0l reciprocal lattice section (Fig. 9.15(a)) lie in the plane of the paper
and thus lie in a ring around the film. The reflected beams from the h1l reciprocal lattice
section lie in a cone whose centre is the centre of the Ewald sphere and these beams also
intersect the film in a ring ‘higher up’ than the ring from the h0l reciprocal lattice section.
Figure 9.16(a) shows this geometry for the reflected beams from the h0l, h1l, h1 l, h2l,
etc. sections of the reciprocal lattice.
When the film is ‘unwrapped’ and laid flat, the rings of spots appear as lines, called

layer lines (Fig. 9.16(b)), the ‘zero layer line’spots from the h0l reciprocal lattice section
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Fig. 9.16. (a) The oscillation photograph arrangement with the crystal at the centre of the cylindrical
film. The oscillation axis [010] is co-axial with the film and the reflections from each reciprocal lattice
section (h0l), (h1l), (h1̄l), (h2l) etc. lie on cones which intersect the film in circles. X indicates the
incident beam direction and in (b), showing the cylindrical film ‘unwrapped’, O indicates the exit beam
direction through a hole at the centre of the film.

through the centre, the ‘first layer line’ spots from the h1l reciprocal lattice section next
above—and so on for all the reciprocal lattice sections perpendicular to the axis of
oscillation.
In practice it is necessary to set up a crystal such that some prominent zone axis is

along the oscillation axis, such as, in our case, the [010] axis. This implies that the
reciprocal lattice sections or layers perpendicular to the oscillation axis are well defined
and give rise to clearly defined layer lines on the film. If, for example, we set a cubic
crystal with the z-axis or [001] direction along the axis of oscillation, then the reciprocal
lattice sections giving the layer lines would be hk0 (zero layer line), hk1 (first layer line
above) and so on (see Figs 6.7 or 6.8). If on the other hand the crystal was set up in
no particular orientation, i.e. no particular reciprocal lattice section perpendicular to the
axis of rotation, the layer lines would, correspondingly, hardly be evident.

9.5.2 The rotation method

As the angle of oscillation increases, the Ewald reflecting sphere sweeps to and fro
through a greater volume of reciprocal space, the lunes (Fig. 9.15) become larger and
overlap and more reflections are recorded. The extreme case is to oscillate the crystal
±180◦—but this is the same as rotating it 360◦, in which case the Ewald reflecting sphere
makes a complete circuit round the origin of the reciprocal lattice. As the Ewald sphere
sweeps through the reciprocal lattice, a plane will reflect twice: once when it crosses
‘from outside to inside’ the reflecting sphere and once when it crosses out again, the
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Fig. 9.17. A single crystal c-axis rotation photograph of α-quartz showing zero, hk0, first order, hk1
and hk1̄ and second order hk2 and hk2̄ layer lines. (Photograph by courtesy of the General Electric
Company.)

reflections being recorded on opposite sides of the direct beam. Rotation photographs
are generally used to determine the orientation of small single crystals. An example is
given in Fig. 9.17.

9.5.3 The precession method

This is an ingenious and useful technique invented byM. J. Buerger ∗ bymeans of which
(unlike oscillation and rotation photographs), undistorted sections or layers of reciprocal
lattice points may be recorded on a flat film. It is probably easiest to appreciate the
geometrical basis of the method by using, as an example, a simple cubic crystal.
Figure 9.18(a) shows an (h0l) section of a simple cubic crystal (drawn with the y-axis

or b∗ reciprocal lattice unit cell vector perpendicular to the page). The X-ray beam is
incident along the x-axis or a∗ reciprocal lattice unit cell vector and the Ewald reflecting
sphere for a particular wavelength is centred about the incident beam direction. The
flat film is set perpendicular to the X-ray beam. We are now going to consider the
conditions by which we can obtain reflections from the reciprocal lattice points lying
in the plane 0kl—i.e. the plane through the origin and perpendicular to the x-axis or a∗
reciprocal lattice vector. Figure 9.18(a) shows only one row of these reciprocal lattice
points—001, 002, 003, 001, 002, 003, etc.; the others are above and below the plane
of the diagram. Now, ignoring for the time being the reciprocal lattice points not lying
in this plane 0kl, let us consider the movements necessary to bring 001, 002, 003, etc.
reciprocal lattice points into reflecting positions. Clearly, we need to tilt or rotate the
crystal anticlockwise such that first 001, then 002, then 003, etc. successively intersect
the sphere.As we do so we tilt or rotate the film anticlockwise by the same angle (the film
and crystal rotation mechanisms being coupled together). The 001, 002, 003 reflections
then strike the film successively at equally spaced distances from the origin 000. The
situation in which 003 is in the reflecting position at a tilt or rotation angle φ is drawn
in Fig. 9.18(b). Clearly, if we rotate the crystal and film clockwise we would record the

∗ Denotes biographical notes available in Appendix 3.
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001, 002, 003, etc. reflections on the opposite side of the film from the origin. The result
(ignoring reflections from reciprocal lattice points not lying on this row) would be a row
of equally spaced spots on the film corresponding to the equally spaced reciprocal lattice
points in the row through the origin. These are shown on a plan view of the film (Fig.
9.18(c)), as the vertical row of spots through the centre.
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Fig. 9.18. (continued)
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Fig. 9.18. The geometry of the precession method, (a) The incident beam normal to the 0kl section of
the reciprocal lattice (indicated by the row of reciprocal lattice points 001, 002, 003, etc.). In order to
bring these points into reflecting positions the crystal and the film are rotated anti-clockwise as indicated.
The situation in which the 003 reciprocal lattice point is in a reflecting position is shown in (b). (c) A
plan view of the film at this angle φ with the circle representing the intersection of the 0kl plane and the
reflecting sphere and the projection of the annulus on to the screen. The only reflections to reach the film
are those falling within the annulus (shaded region), As the crystal + screen + film are precessed about
the angle φ the annulus effectively sweeps through the 0kl section of the reciprocal lattice as indicated
by the arrow and all reciprocal lattice points within the large circle give rise successively to reflections.

Nowwehave to consider the reciprocal lattice points in the 0kl section of the reciprocal
lattice which intersect the Ewald reflecting sphere above and below the plane of Fig.
9.18(b). The sphere intersects the reciprocal lattice section 0kl in a circle, Fig. 9.18(c);
any reciprocal lattice point lying in this circle gives rise to a reflected beam. Now we
precess the crystal and the film about the incident beam direction such that the film is
always parallel to the 0kl reciprocal lattice section (the precession movement means that
the x-axis of the crystal rotates about the incident beam direction at the fixed angle φ).
As we do so the circle moves through the reciprocal lattice section in an arc centred at
the origin 000 of the reciprocal lattice, i.e. about the direction of the direct X-ray beam.
Hence, in a complete revolution, all the reciprocal lattice points lying within the large
circle of Fig. 9.18(c) reflect—and the pattern of spots on the film corresponds to the
pattern of reciprocal lattice points in the 0kl section of the reciprocal lattice, as shown
in Fig. 9.18(c).
Finally, wehave to eliminate the complicating effects of the reflections from reciprocal

lattice points not lying in the 0kl plane through the origin. This is achieved by placing a
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Fig. 9.19. A(zero level) precession photographof tremolite, Ca2Mg5Si8022(OH)2 (monoclinicC2/m,
a = 9.84Å, b = 18.05Å, c = 5.28Å, β = 104.7◦), showing reflections from the h0l reciprocal
lattice section (incident beam along the y-axis). The orientations of the reciprocal lattice vectors a∗
and c∗ are indicated. Compare this photograph with the drawing of the (h0l) reciprocal lattice section
of a monoclinic crystal (Fig. 6.4(c)). The streaking arises from the presence of a spectrum of X-ray
wavelengths in the incompletely filtered MoKα (λ = 0.71Å) X-radiation. (Photograph by courtesy of
Dr. J. E. Chisholm.)

screen with an annular opening between the crystal and the film, the size of the annulus
being chosen to allow reflections to pass to the screen only from reciprocal lattice points
lying in the circle (Fig. 9.18(c)). The screen is indicated in cross-section in Fig. 9.18(b)
for the case in which the furthest reciprocal lattice point from the origin which can be
recorded is 003. The screen is also linked to the crystal–film precession movements.
The precession method can be modified to record reciprocal lattice sections which

do not pass through the origin (non-zero-level photographs), details of which can be
found in the books on X-ray diffraction techniques listed in Further Reading. Its main
application is in crystal structure determination by measurement of the intensities of
the X-ray reflections. Figure 9.19 shows an example of a zero-level photograph (of a
reciprocal lattice section passing through the origin) which shows very convincingly the
pattern of reciprocal lattice points.

9.6 X-ray diffraction from single crystal thin films
and multilayers

Thin films and multilayer specimens are invariably studied using the X-ray diffractome-
ter, the geometrical basis of which is described in detail in Section 10.2.
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Fig. 9.20. The X-ray diffractometer arrangements for a single crystal. (a) The symmetrical setting:
the reciprocal lattice vectors of the reflecting planes are all parallel to the specimen surface normal n. (b)
The asymmetrical setting, the reciprocal lattice vectors of the reflecting planes are inclined at angle α to
n. (c) The region of reciprocal space (shaded) within which lie the reciprocal lattice points of possible
reflecting planes.

The normal arrangement, as used in X-ray powder diffractometry, is the symmetri-
cal (Bragg–Brentano) one in which only the d -spacings of those planes parallel to the
specimen surface are recorded. This is achieved by arranging the X-ray source and X-
ray detector and their collimating slits such that the incident and reflected beams make
equal angles to the specimen surface. The arrangement is shown diagrammatically in
Fig. 9.20(a). As the angle θ is varied (either by keeping the specimen fixed and rotat-
ing the source and detector in opposite senses as indicated in Figs 10.3(a) and (b), or
by keeping the source fixed and rotating the detector at twice the angular velocity of
the specimen), reflections occur whenever Bragg’s law is satisfied. Clearly, for a single
crystal, with only one set of planes parallel to the surface, there will only be one Bragg
reflection. For multilayer specimens, which may consist of a sequence of thin crystal
films (say, of copper and cobalt) mounted on a single crystal substrate, there will be three
Bragg reflections—one from the substrate and one each from the thin films (of different
crystal structure).
However, there are more diffraction phenomena to be recorded. First, since the lay-

ers are generally thin—of the order of 1–10 nm—the (high angle) Bragg peaks are
substantially broadened and this may be used to estimate the thickness of the layers by
means of the Scherrer equation (Section 9.3). Second, the repeat distance, or superlattice
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wavelength  of the layers can be determined from the angles of ‘satellite’ reflections
which occur (given a multilayer specimen with a long range structural coherence) on
either side of the (high angle) Bragg peaks. The value ofmay be determined from the
equation

 = λ

2(sin θ2 − sin θ1)

where λ = the X-ray wavelength and sin θ1, sin θ2 are the Bragg angles of adjacent
satellite peaks. This equation may be rearranged to give

1


= 1

d2
− 1

d1

where d1, d2 are the notional d -spacings of the satellite peaks. An example of a cobalt-
gold multilayer specimen is given in Fig. 9.21(a).
The repeat distance  of the layers also gives rise to low-angle Bragg reflections (of

the order 2θ = 2 − 5◦), between which occur a further set of satellite peaks or fringes
called Keissig fringes which may be used to determine the total multilayer film thickness
N using an analogous equation to that above, viz.

1

N
= 1

dk2
− 1

dk1

where dk1, dk2 are the notional d -spacings of any pair of adjacent Keissig fringes. An
example of a cobalt–copper multilayer specimen is given in Fig. 9.21(b).
The occurrence of the low-angle Bragg peaks and Keissig fringes may be understood

by analogy with the diffraction pattern from a limited number N of slits of width a
(Section 7.4); Fig. 7.9 shows a particular case for N = 6. The principal maxima cor-
respond to the low-angle Bragg peaks in which the slit spacing a corresponds to the
repeat distance of the layers, or superlattice wavelength . The subsidiary maxima, of
which there are (N−2) between principal maxima, correspond to the Keissig fringes; by
counting the number of Keissig fringes (plus two) between the low-angle Bragg peaks
the number of multilayers or superlattice wavelengths N can be determined and by mea-
suring the angles between adjacent fringes the total thickness N of the multilayers can
be determined using the equation given above. Its validity can be checked by applying it,
say, to the subsidiary maxima in Fig. 7.9; for the zero and first order minima the sin α ≈
α≈ 2θ values are 1(λ/6a) and 2(λ/6a). Substituting these values in the above equation
gives N = 6a, the total width of the grating.
In practice in X-ray diffraction the Keissig fringes are most clearly defined between

the direct beam (zero order peak) and first low-angle Bragg peak (Fig. 9.21(b)).
The other arrangement used in X-ray diffractometry is the asymmetrical one in which,

for any particular Bragg angle (source and detector fixed), the specimen can be rotated
such that the incident and diffracted beamsmake different angles to the specimen surface
(the angle between them remaining fixed at 2θ ). The arrangement is shown diagrammat-
ically in Figs 9.20(b) and 10.3(c). It has the advantage in that reflections from planes
which are not parallel to the surface can be recorded (and is also a useful means of ‘fine
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tuning’ the angle of the specimen to maximize the intensity of reflections from planes
which may not be exactly parallel to the specimen surface). Clearly, the maximum angle
of tilt either way is θ , otherwise the surface of the specimen will block or ‘cut off either
the incident or the diffracted beam.
The Ewald reflecting sphere construction, which shows the extent to which the sym-

metrical and asymmetrical techniques sample a volume of reciprocal space, is shown in
Fig. 9.20(c). The construction is essentially two-dimensional, since only those planes
whose normals lie in the plane of the diagram (co-planar with the incident and reflected
beams) can be recorded. In the symmetrical case (Fig. 9.20(a)), the reciprocal lattice
points of the reflecting planes lie along a line perpendicular to the specimen surface
whose maximum extent corresponds with the reciprocal lattice vector of the plane
of smallest dhkl-spacing that can be measured, i.e. that for which θ = 90◦; hence
|d∗

hkl | = 2/λ.
In the asymmetrical case (Fig. 9.20(b)) the crystal can be tilted or rotated clockwise

or anticlockwise such that the reciprocal lattice vector of the reflecting planes is also
tilted or rotated with respect to the specimen surface. The angular range, ±θ (limited
by specimen cut-off), increases as |d∗

hkl | = 2 sin θ
/
λ increases, the maximum being

±90◦ when sin θ = 1. This is shown as the shaded region in Fig. 9.20(c). Clearly,
the choice of the wavelength of the X-radiation may be important, particularly in the
asymmetrical case, since it determines which crystal planes in the specimenmay, or may
not, be recorded.

9.7 X-ray (and neutron) diffraction from ordered crystals

In metal alloys, solid solutions may be of two kinds—interstitial solid solutions such
as, for example, carbon in iron (see p. 17) and substitutional solid solutions, such as,
for example, α-brass where zinc atoms substitute for copper atoms in the ccp structure.
In some cases complete solid solubility is obtained across the whole compositional
range from one pure metal to another—such as, for example, copper and nickel, both

Fig. 9.21. (a) A high angle X-ray diffraction trace (CuKα1 radiation) from a cobalt–gold multilayer
specimen showing the satellite peaks or fringes s© each side of the Au 111 Bragg reflection. The repeat
distance  of the layers is determined by measuring the (notional) d -spacings d1 and d2 of adjacent
fringes and using the equation on page 231. The notional d -spacings (Å) of the fringes and the Au 111
peak are indicated (from which a value of ≈ 64Å is obtained). The group of higher angle reflections
are from Co 111, Co 0002, the substrate GaAs 110 and the ‘buffer’ layer Ge 110. (b) A low angle X-ray
diffraction trace (CuKα1 radiation) from a cobalt–copper multilayer specimen showing the low angle
Bragg reflection at 4.525◦ and the Keissig fringes each side. The Bragg peak gives the multilayer or
superlattice repeat distance  and the number N − 2 of Keissig fringes between the Bragg peak and
zero angle gives N, the total thickness. In this example  = 19.512 Å and (N − 2) = 22 (only
those fringes from about 2θ ≈ 1.5◦ are shown). Hence the total thickness N = 468.3Å. N may
also be determined by measuring the (notional) d -spacings, dKl and dK2 of adjacent Keissig fringes
and using the equation on page 231. The notional d -spacings (Å) of fringes 11 to 22 are indicated,
from which values of N, in fair agreement with that given above (subject to experimental scatter), are
obtained.
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of which have the ccp structure; but in most alloys the solid solubility is limited and a
series of different solid solutions and intermetallic compounds occur across the whole
composition range. Copper-zinc alloys for example exhibit a range of such structures or
phases: α (ccp, stable up to about 35 at% Zn); β (which is a bcc solid solution stable
over a narrow composition range close to equal atomic proportions of copper and zinc
and which is also described as the intermetallic compound CuZn); γ (a complex cubic
structure); ε (a complex hexagonal structure); and finally η (an hep solid solution of
copper in zinc). The study of such alloy phases belongs to physical metallurgy; our
interest is solely concerned with the arrangements of the atoms.
In some phases, e.g. α-brass, the copper and zinc atoms are randomly distributed

amongst the lattice sites and the structure is said to be disordered. In others there is a
tendency, which increases with decreasing temperature, for the atoms to occupy spe-
cific sites. Two situations may be distinguished: clustering, where atoms tend to be
surrounded by atoms of their own type (such as, for example, solid solutions of zinc in
aluminium); and the converse short range ordering where atoms tend to be surrounded
by atoms of opposite type. β brass provides a simple example of short range ordering; at
high temperatures the structure is disordered but as the temperature decreases (to about
460◦C), short range ordered regions develop, the copper (or zinc) atoms tending to occur
either at the corners or the centres of the bcc unit cell. Below this temperature the short-
range ordered regions extend throughout the crystal and impinge. We now have domains
of long-range order.Within each domain the copper and zinc atoms are at the corners or
centres of the unit cell and the crystal structure is the same as that for CsCl (Fig. 1.12(b)).
The boundaries (called antiphase domain boundaries) are where the ordering ‘changes
over’—in one domain it is, say, the copper atoms which occupy the centres of the cell
and in the other it is the zinc atoms. It is, of course, possible for a single domain to
extend across the whole crystal, in which case of course the distinction between corners
and centres in the bcc unit cell disappears.
Long-range ordering also occurs in many ccp alloys, of which the copper–gold sys-

tem provides ‘type’ examples. For example, at high temperatures the alloy Cu3Au is
disordered but at low temperatures the gold atoms occupy the corners, and the copper
atoms the face-centres of the unit cell. In the alloy CuAu the atoms order so as to occupy
alternate (002) planes.
The phenomenon of long-range ordering is often described as superlattice formation,

but this is a bad namebecause it suggests the existence of lattices other than the 14Bravais
lattices. Ordering rather consists of a change of lattice type. For β-brass (Fig. 9.22(a))
it is a change from Cubic I to Cubic P (the motif, as in CsCl, being Cu + Zn), and for
Cu3 Au (Fig. 9.22(b)) it is a change from Cubic F to Cubic P (the motif being 3Cu +
Au). In the case of CuAu (Fig. 9.22(c)), the change is from Cubic F to Tetragonal P as a
consequence of the size difference between the copper and gold atoms, which results in
a small reduction in the interlayer spacing perpendicular to the 002 planes giving a c/a
ratio less than unity.
Long range ordering and antiphase domain boundaries are also characteristic of fer-

romagnetic (and antiferromagnetic) materials where in each domain it is the magnetic
dipoles or moments which are ordered or orientated in a particular direction.
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Zn Cu Au Cu CuAu
(a)  Cu Zn (b)  Cu Au3 (c)  Cu Au

Fig. 9.22. Unit cells of ordered structures, atom positions as indicated, (a) CuZn (bcc structure, cubic
P lattice), (b) Cu3Au (ccp structure, cubic P lattice), (c) CuAu—the ordering of Cu and Au atoms on
alternate 002 planes in the ccp structure results in a reduction of symmetry from a cubic to a tetragonal
P lattice.

Ordering was one of the earliest phenomena to be detected by X-ray diffraction
techniques and provides further simple examples of the application of the structure
factor equation (Section 9.2).

Example 6: Cu3Au. For the disordered case the atomic scattering factor for each atom
site, fAv, is taken as the weighted average of fCu, and fAu, i.e. fAv = 1/4(fAu + 3fCu.) and
the structure factor Fhkl is that for an fcc crystal (see Appendix 6), i.e.

Fhkl = 4 · 1/4(fAu + 3fCu) = (fAu + 3fCu) for h, k, l all odd or all even

Fhkl = 0 for h, k, l mixed.

For the fully ordered case (Fig. 9.18(b)) the atomic positions unvnwn for the gold atoms

are (000) and for the copper atoms
(
1
2
1
20

)
,
(
1
20

1
2

) (
012

1
2

)
. Hence:

Fhkl = fAu exp 2π i(h0+ k0+ l0) + fCu2π i
(
h 12 + k 12 + l0

)
+ fCu exp 2π i

(
h 12 + k0+ l 12

)
+ fCu exp 2π i

(
h0+ k 12 + l 12

)
= fAu + fCu(exp π i(h+ k) + exp π i(h+ l) + exp π i(k + l).

Hence

Fhkl = (fAu + 3fCu) for h, k, l all odd or all even

Fhkl = (fAu − fCu) for h, k, l mixed.
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Hence, in the ordered case reflections occur when h, k, l are mixed and it is the
occurrence of these additional or ‘superimposed’ reflections in the diffraction pattern
that gave rise to the term ‘superlattice’. Their intensities, in proportion to the ‘base’
reflections for which h, k, l are all odd or all even, can be estimated by approximating
f ≈ Z; i.e. fAu = 79 and fCu = 29. Hence:

Ihkl = Fhkl · F∗
hkl = (79+ 3.29)2 = (166)2 h, k, l all odd or all even

Ihkl = Fhkl · F∗
hkl = (79− 29)2 = (50)2 h, k, lmixed.

Hence the intensities of the ‘superlattice’ reflections are 502/1662 x 100% = 9% of the
intensities of the ‘base’ reflections and are easily detectable.

Partial ordering is expressed in terms of the long range order parameter S which is
defined in terms of p, the fraction of sites occupied by (in the fully ordered case) the
number of ‘right’ atoms and r, the fraction of such sites, whence S = (p − r)/(1 − r).
We may apply this equation either to theAu or the Cu atoms. For theAu atoms r = 0.25.
Suppose, for example that 2/3 of these sites are occupied by the ‘right’Au atoms (and 1/3
by the ‘wrong’ Cu atoms). Then P = 2/3 and S = 0.56.
For this partially ordered case, for h, k, l mixed indices Fhkl = S(fAu − fCu) and the

intensity of the reflections is proportional to S2.

Example 7: CuZn (β-brass). For the disordered case fAv = (fCu+ fZn) and, as for a bcc
crystal, reflections only occur when (h + k + l) = even integer. For the fully ordered
case we follow the same procedure as for CsCl (Example 1), i.e. Fhkl = fCu + fZn
for (h + k + l) = even integer and Fhkl = fCu − fZn for (h + k + l)= odd integer.
Approximating fCu = 29 and fZn =30, the intensities of the ‘superlattice’ reflections are
−12/592 × 100%= 0.03% of the intensities of the ‘base’ reflections and are much too
small to be readily detected by X-ray diffraction techniques.
This situation is illustrative of a general problem in X-ray diffraction: since atomic

scattering factors are proportional to Z then the positions in the unit cell of atoms of
similar atomic number are not easy to determine, nor are the positions of atoms of low
atomic number which scatter X-rays very weakly. It is a situation in which neutron
diffraction finds a ‘niche market’. Unlike X-rays, neutrons in most cases are scattered
by the nuclei rather than the electrons in atoms and the scattering amplitudes (expressed
as scattering lengths) vary in an irregular way with atomic number. The relatively large
scattering amplitudes of, for example, hydrogen and oxygen atoms in comparison with
heavy metal atoms enables these atoms to be located within the unit cell and also allows
the small distortions which occur below the Curie temperature in ferroelectric perovskite
structures (see Sections 8.11.1 and 4.4) to be determined.

Figure 9.23 shows, in a most visually convincing way, the differences between the
scattering amplitudes, and therefore the absorptions, of neutrons by hydrogen, oxygen
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Fig. 9.23. A neutron radiograph of a rose-stem within a thick-walled lead cylinder. (Photograph by
courtesy of Dr Hans Priesmeyer, Christian-Albrechts University, Kiel.)

and heavy metal atoms. It is a neutron radiograph of a rose-stem within a thick-walled
lead container; the lead is almost invisible to the neutrons, but the absorption in the rose
and stem reveals the delicacy of the flower.

9.8 Practical considerations: X-ray sources and
recording techniques

The discovery of X-rays by W. C. Röntgen∗ at the University of Würtzburg in 1895 is a
wonderful example of serendipity in science6. Röntgen was interested in the nature of
cathode rays generatedwhen a high voltage from an induction coil was discharged across
a discharge tube and which gave rise to faint luminescence in gases and fluorescence in
some crystals placed close to the tube. He enclosed the tube in a light-tight cardboard
box (for what experiments we do not know). On discharge of the induction coil he

∗ Denotes biographical notes available in Appendix 3.
6 The word comes from the fairy-tale The Three Princes of Serendip ‘who were always making discoveries

by accidents and sagacity, of things they were not in quest of’. (From the Shorter Oxford English Dictionary.)
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noticed that, on a table a considerable distance away, a barium platinocyanide crystal
(which happened to be there) gave a flash of fluorescence. This clearly was not due to the
cathode rays, which would have been absorbed in the glass walls of the tube and in the
air, but originated from rays (or particles) emanating from the point where the cathode
rays struck the walls of the tube. In a feverish period of work, Röntgen established that
the rays travelled in straight lines, were not refracted or diffracted (by optical diffraction
gratings), were more strongly absorbed the denser the material through which they
passed and could be recorded on photographic plates. He took the very first medical
radiograph—a beautiful image of the bones in his wife’s hand and clearly showing
her wedding ring. Röntgen coined the term ‘X-rays’—a term used ever since, even
though we now know that they are short-wavelength (∼0.1 ∼ 10 Å) electromagnetic
waves.
Modern X-ray tubes are descendants of Röntgen’s discharge tube except that the

cathode rays (electrons) are provided by a heated filament and the target, or anode,
is a heavy metal, typically copper, iron, molybdenum or tungsten. By far the greatest
proportion of the energy of the incident electrons is converted into heat (phonons) and
hence the anode must be water-cooled or, in the case of micro-focus tubes in which the
beam is concentrated into a small area, by also rotating the anode to prevent incipient
melting. Heating is a ‘nuisance’inX-ray tubes and largely limits the intensity of the beam
which can be obtained—but it is also the basis of electron beam melting and welding
techniques.

9.8.1 The generation of X-rays in X-ray tubes

As the electrons pass into the anode they suffer collisions with the atoms and are even-
tually brought to rest. At each collision the loss of energy �E gives rise to an X-ray
photon of energy hc

/
λ. The energy losses�E have a wide range of values, giving rise to

awide range of λ values. This is the origin of the ‘continuous’, ‘white’or Bremsstrahlung
(which is German for braking) radiation.
Figure 9.24 shows a typical X-ray spectrum. Notice that there is a ‘cut-off’ at a

short wavelength called the short-wavelength limit (swl). This arises from electrons
which lose all their energy in one single collision, i.e. �E = eV = hc/

λswl
, where V

is the voltage of the X-ray tube and e is the charge on the electron. The intensity of
the continuous radiation peaks at a wavelength of about 4

/
3λswl. Superimposed on this

continuous radiation are a series of sharp peaks. These arise from electron transitions
between energy levels in the atom. The innermost (K-shell) has one (the highest) energy
level, the L-shell has three and the M -shell has five such energy levels. If (and only if)
the incident electrons have sufficient energy (designated asWK , the work function), they
can ‘knock out’ an electron from the K-shell. In this situation the incident electrons are
strongly absorbed and the corresponding wavelength is called the K absorption edge,
designated λK . Hence λK = hc/

λK
. This ionized state of the atom is short lived and

the atom returns to its ground state as a result of the electrons ‘tumbling down’ from
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outer to inner shells, each transition being accompanied by the emission of an X-ray
photon of energy, and therefore wavelength, characteristic of the difference between the
energy levels. The spectra are designated the Kα-series (for transitions from the L to
the K-shell), the Kβ -series (for transitions from theM to the K-shell), the Lα-series (for
transitions from theM to the L-shell), and so on. Themost important, in relation to X-ray
diffraction, is the Kα-series. Since there are three energy levels in the L-shell there are
three, closely separatedKα wavelengths: Kα1 , Kα2 andKα3 . These are not equally strong:
Kα3 is very weak and Kα1 is about twice as intense as Kα2 . The latter two comprise what
is termed the Kα-doublet (Fig. 9.24).
Except for Laue-type experiments, use is generallymade only of theKα1 radiation and

this is achieved by the use of a crystal monochromator set to reflect only this particular
wavelength (and its sub-multiples, i.e. λKα1

= 2d sin θ = 2(λKα1
/2), etc.) Older ‘filter’

methods are unable to discriminate between Kα1 and Kα2 wavelengths.

9.8.2 Synchrotron X-ray generation

Very high intensity X-ray beams, ∼100–10,000 times more intense than the Kα1 radi-
ation from X-ray tubes, are generated in a synchrotron, a type of particle accelerator.
Electrons, travelling at velocities close to the speed of light, are confined to travel in
near-circular paths in a ‘storage ring’by the action of magnets placed at intervals around
the ring. The ‘synchrotron radiation’, which arises as a result of the continuous inward
radial acceleration of the electrons, is outputted tangentially from the ring and covers
a wavelength range from infrared to very short X-ray wavelengths. The radiation then
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Fig. 9.24. An X-ray spectrum showing the continuous (white) radiation which peaks at about
4/3λswl and the sharp Kα1 and Kα2 peaks at wavelengths characteristic of the anode element. (From
Contemporary Crystallography by Martin J. Buerger, McGraw-Hill, 1970.)
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passes to a crystal monochromator, set to reflect the particular wavelength required.
Apart from the higher intensity, the advantage of synchrotron radiation is that, unlike X-
ray tubes where one is restricted to the particular Kα1 wavelength of the anode element,
the monochromator can be ‘tuned’ to reflect X-rays either well away from the absorp-
tion edge of (e.g.) a heavy element in the specimen to minimize absorption effects, or,
contrariwise, close to an absorption edge to maximize the effects of anomalous absorp-
tion (see Example 5). The radiations also differ in their states of polarization; that from
an X-ray tube is almost wholly unpolarized whereas that from a synchrotron is wholly
polarized in the plane of the storage ring.
The advent of synchrotron radiation has not only allowed very much smaller crystals

to be examined (in the micrometre, rather than tens or hundreds of micrometre range)
but has also allowed the examination of very short-lived crystal structures occurring in
chemical reactions.

9.8.3 X-ray recording techniques

The recording ofX-ray reflections has been revolutionized by the advent ofCCD (charge-
coupled-device) and position sensitive area detectors and the associated developments
in computer software. They represent, in a sense, a return to the older film methods in
that they record reflections in the whole of reciprocal space (or that portion intercepted
by the detector) simultaneously rather than sequentially as was the case in Bragg’s early
X-ray spectrometer or the complex 4-circle goniometers which until recently were dom-
inant in single crystal X-ray work. Similarly, in X-ray powder diffractometry (Section
10.2), scintillation and proportional counters are being superseded by position sensi-
tive detectors although the future of the diffractometer, as an item of hardware, seems
secure.
It is of course very easy for a beginner to the subject of X-ray diffraction to be dazzled

by the technology: the basic principles remain unchanged irrespective of developments
in recording techniques.

Exercises

9.1 In the Laue experiment, a bcc crystal, lattice parameter a = 0.4 nm (4Å) is irradiated in
the [100] (or a∗) direction with an X-ray beam which contains a continuous spectrum of
wavelengths in the range between 0.167 nm (1.67 Å) and 0.25 nm (2.5 Å). Use the reflecting
sphere construction to determine the indices of the planes in the crystal for which Bragg’s
law is satisfied and draw the direction of the reflected beam for one plane in the [001] zone.
(Hint: Make a scale drawing of the section of the reciprocal lattice normal to the [001] (or
z∗) direction and which passes through the origin 000 (i.e. the section which contains the
hk0 reciprocal lattice points as shown in Fig. 6.7(b)). A convenient scale to use between the
reciprocal lattice dimensions and A4 size drawing paper is 1 nm−1 =0.5 cm (1 Å−1 = 5.0
cm). Draw a line indicating the [100] direction of the incident beam and draw in the two
reflecting spheres representing the limits of the wavelength range. Remember that the origin
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of the reciprocal lattice is located at the point where the beam exits from the spheres—hence
the centres of the spheres are obviously not coincident. Shade in the region of the reciprocal
lattice between the two spheres; planes whose reciprocal lattice points lie in this region
satisfy Bragg’s law. For one reciprocal lattice point in this region, find, by construction,
the sphere which it intersects. The direction of the reflected beam is from the centre of this
sphere through the reciprocal lattice point, and the radius of the sphere gives the particular
wavelength reflected. Draw sections of the reciprocal lattice normal to the [001] (or z∗)
direction and which pass through the hk1, hk2, hk1, hk2, etc. reciprocal lattice points (see
Fig. 6.8(a)). In these sections of the reciprocal lattice ‘above’ and ‘below’ that through the
origin, the sections of the sphere are reducing in size—simple trigonometry will show by
howmuch.Again, planes whose reciprocal lattice points lie in the region between the spheres
satisfy Bragg’s law.)

9.2 In an oscillating crystal experiment the bcc crystal described in Exercise 9.1 is irradiated
in the [100] (or a∗) direction with a monochromatic X-ray beam of wavelength 0.167 nm
(1.67Å).The crystal is then oscillated±10◦ about the [001] (or z∗) direction. Find the indices
hk0 of the planes in the [001] zone which give rise to reflections during the oscillation of the
crystal.
(Hint: Make a scale drawing of the section of the reciprocal lattice through the origin 000
and normal to the [001] (or z∗) direction. Draw a line indicating the [100] direction of
the incident beam and a single sphere corresponding to the single X-ray wavelength (see
Exercise 9.1). Oscillating the crystal (at the centre of the sphere) is equivalent to oscillating
the reciprocal lattice (at the origin). The simplest way to represent the relative changes in
orientation between the crystal and the X-ray beam is to ‘oscillate’ the beam. The directions
of the beam at the oscillation limits are ±10◦ from the [100] direction in the plane of the
reciprocal lattice section. Draw in the reflecting sphere at these limits and shade in the
lunes or the regions of reciprocal space through which the surface of the sphere passes.
Planes whose reciprocal lattice points lie in these regions reflect the X-ray beam during
oscillation.)

9.3 The kinetic energy of neutrons emerging in thermal equilibrium from a reactor is given
by 3/2 kT where k = Boltzmann′s constant, 1.38 × 10−23 JK−1 and T is the Kelvin
temperature. Given that the (rest) mass Mn of a neutron = 1.67x10−27kg and Planck’s
constant h = 6.63× 10−34 Js, estimate the wavelength of neutrons in thermal equilibrium
at 100 ◦C.

9.4 Determine the Fhkl values for reflections for the ZnS (zinc blende or sphalerite structure,
Fig. 1.14(c). Show that they fall into three groups: (h + k + l) = 4n; (h + k + l) =
4n+ 2; (h+ k + l) = 2n+ 1.
Hint: ZnS has a cubic F lattice, each lattice point being associated with a motif consisting
of one Zn atom at (000) and one S at (1/4 1/4 1/4) . Fhkl is determined (i) by writing down
the reflection condition for cubic F crystal (see Appendix A6) and (ii) by substituting fZn at
(000) and fS at (1/4 1/4 1/4).

9.5 In diamond the atom positions are identical to those in ZnS. Hence determine the conditions
for reflection in the diamond cubic lattice.
Hint: We may simply proceed as before. However, since all the atoms are now of the same
type, diamond has the centrosymmetric point group m3̄m, the centres of symmetry lying
equidistant between nearest neighbour atoms. We may therefore choose an origin at (1/8
1/8 1/8)—called ‘origin choice 2’ in space group Fd 3̄m, No. 227—and use the simplified
structure factor equation in Example 3, page 210.
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9.6 Determine the Fhkl values for reflections for the NaCl structure (Fig. 1.14(a)). Show that
they fall into two groups: h, k, l all even and h, k, l all odd.
Hint: Proceed as in Exercise 9.4.

9.7 In Fig. 9.16, measure the hkl and hk2 layer line spacings and hence determine the c-axis
repeat distance in α-quartz.
Hint: The photograph was taken using X-rays of wavelength λ = 1.541Å and a camera of
30 mm radius. To account for the reduced scale of the photograph in printing, multiply your
layer-line spacing measurements by a factor 1.33.




