
Modern Physics: PHY 104 Spring Semester 2013

First Collaborative homework

Note: Deadline is 4 March 2013, 10 am. Place your homework in

the orange box on physics floor. Mention names of all collaborators

in the group.

1. This conceptual exercise will help us understand several interesting aspects of entropy

and its probabilistic interpretation. Thanks to a student (whose name I don’t remem-

ber) for triggering this thought and to an article I found exploring the same idea.

Consider two objects A and B, A is initially cooler with a temperature T −∆T and

B is hotter with a temperature T + ∆T . Equilibrium is established when both A

and B acquire the same temperature T . The identical objects have heat capacities C

(JK−1kg−1).
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(a) Using the “algorithm” dS = dQ/T , find the change in entropies of A and B from

the start of the experiment to the onset of equilibrium.

(b) Show that the change in overall entropy of the system is,

∆S = C ln

(
T 2

T 2 −∆T 2

)
.

(c) Is ∆S positive, negative or zero?

We now explore the significance of the “numerical value” of ∆S. For this suppose

equilibrium has been established.

Equilibrium is the macrostate with the highest number of microstates. We want to

compute if there is some chance, after equilibrium, that an object (say B) becomes

hot once again, and the other object (say A) becomes cold once again. We call this

rather counter-intuitive happening a “fluctuation”. We want to find the probability

of this fluctuation, knowing that probabilities of a macrostate are proportional to the
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microstates in that macrostate, P ∝ Ω.

(d) Suppose that probability of being in the equilibrium macrostate is P (0). Show

that the probability of a fluctuation causing B going back to T +∆T and A dropping

to T −∆T , is given by,

P (∆T )

P (0)
=

(
1−

(
∆T

T

)2)C/kB

.

Your calculation will use the result determined in (b).

(e) If the fluctuation is 10% of the equilibrium temperature T , C is 28 J/K and

kB = 1.4×10−23 J/K, what is the probability of the fluctuation, P (∆T )/P (0)? Is this

probability large, moderate, small, tiny, or minuscule?

(f) If we lived in a universe with an unusually large value kB = 1.3× 10−2 J/K, what

would the probability of the fluctuation be? Is it good or bad to have a small value of

kB? What makes the fluctuations unlikely in practical lives?

(g) How does C affect the probability? The temperature fluctuation is 10% of the

temperature. Would it make a difference if T = 100 K, 1000 K or 106 K?

We now extend this concept to another interesting application. We’ve been talking

quite a lot about ping pong balls eventually coming to rest on the earth’s surface.

Compared to the ping pong ball, the earth is a hugely massive object which devours

all the energy from the ball, making it eventually lie on the surface of the earth.

Earth

h

We now explore finding of the probability of a person levitating about the surface of

the earth at height h, P (h), given that the equilibrium condition is h = 0.

(h) When a person of mass m is raised to a height h, what is the work done W?

What is the increase in his/her internal energy Eint.

(i) Using Clausius’s recipe dS = dEint/T , find the difference in entropies between the
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h = 0 and h states.

(j) Using P ∝ Ω, find P (h)/P (0), and its numerical value with kB = 1.4× 10−23 J/K,

T = 300 K, g = 10 ms−2, h = 1 cm, m = 70 Kg. If kB were 1.4× 10−2 J/K, what will

be P (h)/P (0)? On average, in a time of 1 hour, for how long will the person hover at

a height of 1 cm?

(k) Let us fix kB back to its real value 1.4× 10−23 J/K. Find the probability that an

O2 molecule (m = 2.6× 10−26 kg) is found at a height 1 km above the ground.

(l) Hand sketch the natural log of the density of O2 gas with respect to h (in km)

from 0 to 5 km. Mark important points and identify the slope. Entropy maximization

tells us why breathing becomes difficult at high altitudes!

2. The entropy of many solid objects is not zero even at 0 K. For example, in solid

carbon monoxide, each CO molecule has two possible orientations, CO or OC. These

have different energies. Assuming that these orientations are completely random, what

is the entropy of 1 mole of solid carbon monoxide at 0 K. Draw an analogy with the

coin tossing example covered in recitations. (Use the property ln x = log2 x/ log2 e.)
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