
Atomic, molecular and laser physics. Assignment 1

Assignment 1: Spin dynamics

In these problems, |α⟩ and |β⟩ are eigenstates of the Zeeman Hamiltonian ω0Sz.

1. In the following calculation, the spin 1/2 state |ψ⟩ is defined as follows:

|ψ⟩ = cos
θ

2
|α⟩ + i sin

θ

2
|β⟩.

(a) Show that the spin-1/2 state |ψ⟩ is an eigenstate of Sz cos θ + Sy sin θ and give

the eigenvalue.

(b) Give a pictorial representation of the state |ψ⟩.

(c) What pulse transforms the state |ψ⟩ into the state 1√
2
(|α⟩ + |β⟩)? Derive the

result geometrically and then verify it mathematically.

2. A sample containing protons is exposed to an r.f. magnetic field with peak amplitude

B1 = 469.8µT. The frequency of the r.f. field is exactly resonant with the proton

Larmor precession.

(a) What is the Larmor frequency of the protons when places in a static field of 0.5

T?

(b) What is the nutation frequency of the protons in units of Hz?

(c) How long should the r.f. field be applied in order to generate a pulse with a flip

angle of π/2?

(d) What is the flip angle of the protons if the pulse duration is kept as in (b) but

the peak r.f. field is increased to B1 = 939.6µT?

(e) What is the Larmor frequency of electrons placed in the same static field?

3. A single spin-1/2 in state |α⟩ is exposed to a π/2 pulse of phase π/2, followed by a π

pulse of phase 5π/4.

(a) Calculate the spin state after the two-pulse sequence.

(b) Show that the final spin state is an eigenstate of Sy. What is the eigenvalue?

(c) Interpret the trajectory of the spin geometrically.
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4. A pulse with nutation frequency ωnut/2π=10 kHz is applied to a single spin-1/2 in

state |α⟩. If the spin has a 50% probability of making a transition to the state |β⟩,

what is the pulse duration?

5. Prove the following identities for idempotent Hermitian operators A,B,C.

(a) eiθA = cos θ 1+ i sin θ A if A2 = 1, where 1 is the identity operator.

(b) If
[
A,B

]
= i C, then, e−iθC AeiθC = A cos θ +B sin θ.

(c) Which of these expressions is e−iθ Sy Sx e
+iθ Sy equal to?

i. Sx cos θ + Sy sin θ

ii. Sx cos θ + Sz sin θ

iii. Sx cos θ − Sz sin θ

iv. Sz

(d) Which of the above expression, (i) through (iv), is e+iθ Sy Sx e
−iθ Sy equal to?

6. Construct the matrix Sr (in the Zeeman basis) representing the components of spin

angular momentum along an arbitrary direction r̂,

r̂ = sin θ cosϕ î+ sin θ sinϕ ĵ + cos θ k̂,

where θ and ϕ are the polar coordinates. Find the eigenvalues and normalized eigen-

spinors of Sr.

7. An electron is at rest and placed in an oscillating magnetic field,

B = B0 cosωt k̂,

where B0 and ω are constants.

(a) Construct the lab frame Hamiltonian for this system.

(b) The electron starts out (at t = 0) in the spin state parallel to the x axis, |ψ(t =

0)⟩ = 1√
2
(|α⟩ + |β⟩). Determine |ψ(t)⟩ at any subsequent time. Beware: This

is a time-dependent Hamiltonian, so you cannot get ψ(t) in the usual way from

stationary states. Fortunately, in this case, you can solve the time-dependent

Schrodinger equation directly.
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(c) Find the probability of getting −~/2 if you measure Sx.

(d) What is the minimum field (B0) required to force a complete flip in Sx.

(e) Repeat part (b) by constructing an appropriate rotating frame Hamiltonian.

8. What is the magnetic moment of an electron placed in a uniform magnetic field of 1 T?

What happens when an electron is placed inside a field gradient (i.e., an inhomogeneous

field)?

9. 1 mL of water is placed in a magnetic field of 2 T at a room temperature of 40 0C.

(a) What are the fractional populations of the |α⟩ and |β⟩ (lower and upper) states?

(Hint: Use Boltzmann distribution)

(b) What is the fractional population difference?

(c) What is the magnetic moment µ of the sample? Compare with a bar magnet

possessing a magnetic moment of ≈ 50 Am2.

10. Computer Exercise : Solve the Bloch equation for a proton dM̂
dt

= γ M̂ × B̂ for a field

B̂ = Bo k̂ when the initial state of the magnetization is M̂ =Mo î with Mo = 1 Am−1,

Bo = 1 T. Plot Mx, My, Mz as functions of time. Assume some realistic value of γ.

Repeat the simulation for a field B̂ = Bo√
2
(̂i+ k̂).

11. Compute and plot the real and imaginary parts of the Fourier transform of the quadra-

ture detected signal in NMR,

s(t) = K exp(iΩt) exp(−t/T2),

where K is an arbitrary scalar constant, Ω = ω0−ωtr is an off-resonant frequency and

T2 is a damping curve. What is the effect of T2 on the line width?

12. Calculate the magnetization in Am−1 of 1 ml of water at 300 K placed inside a magnetic

field of 10 T.

13. In the Zeeman effect, an energy level is split by the application of a magnetic field.

Consider a proton placed inside a magnetic field of 1 T. (a) What is the net popula-

tion difference between Zeeman splited levels at room temperature? (b) Repeat the

calculation for a single electron.
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