
How Do Electrons Get Across Nodes? 

A Problem in the Interpretation of the Quantum Theory 

P. G. Nelson 
The University, Hull HU6 7RX, England 

The question of how an electron can get across the nodal 
plane of a 2p, orbital or the radial node of a 2s orbital is one 
that students often ask and to which a variety of different 
answers have been suggested. In this article I review these 
answers and discuss the choice between them. 

The Problem 
The prohlem is illustrated by the simple case of a particle 

of mass m in a one-dimensional box of length L. When this is 
in a stationary state, its energy is given by 

and its wave function by 

where h is Planck's constant (la). 
Now according to  the Born interpretation ( I b ,  Za), eq 2 

means that the probahility of finding the particle between x 
and x + dx is given by 

dP=pdx (3) 
p = IC.+ = (21L) sinZ (nrx/L) (4) 

where p is the probahility density. The latter represents the 
distribution that would be obtained if a large number of 
measurements were made of the position of the particle in 
state n, the particle being restored to this state after each 
measurement. This suggests that, if a series of measure- 
ments could be made of x without disturbine the motion of 
the particle, the resulting distribution would'bep. The latter 
would then reflect the motion of the particle in thesame way 
in which the density of the image oia long-exposure photo- 
eraph reflects the motion of a macroscopic object, as suggest- - .  ~ ~ 

ed, e.g., by White (3) (Fig. 1). 
Figure 2 shows a plot of 0 for n = 2. This has a node in the 

middle of the box. This means that the ~robabilitvof findine 
p - ~ ~ ~ ~ - ~  ~~ ~ ~ ~ 

the particle between x = I/& and x = 'l;~ + dx iszero. since 
there is a finite probability of finding the particle on either 
side of this internal, the question is: how does the particle get 
from one side of the node to  the other? 

Flrst Solutlon: The Mathematics Is Wrong 
Ellison and Hollingsworth (4) have suggested that the 

problem is only an apparent one and derives from incorrect 
mathematics. They point out that, in the case of a continu- 
ous probahility distribution, the probability of finding a 
particle a t  any point is zero. They therefore say that the 
probability of finding a particle a t  a node should not be 
calculated over an infinitesimal internal as in eq 3 but over a 
finite one: 

(5 )  

For a particle in a box in the state n = 2, this gives 

a t  x = I/&, which is nonzero. 
In the case of a continuous distribution, however, P is 

properly defined (as Ellison and Hollingsworth themselves 
point out) as a cumulatiue probability 

This is not zero a t  every point, and can be calculated over an 
infinitesimal internal. Thus eq 6 gives 

dP/dr = lim (APIAx) = 0 
br-0 

(8) 

at x = 'lzL. This means that the cumulative probability does 
not change between x = Y& and x = I/& + dx, i.e., the 
contribution from this interval to P is zero. The problem of 
the node therefore remains. 

Second Solution: The lnterpretatlon Is Wrong 
The interpretation of the wave function given above is not 

the only one that has been suggested. Other interpretations 
have been proposed, in which the problem of the nodes does 
not arise. Some of these are as follows (5). 

Figure 1. Long-xposure photograph of a white pendulum bob swinging against 
a black background. 

Flgwe 2. Plot of p against xfor a particle in a onedimensional box of length L 
in me state n = 2 (eq 4; pe = 21L). 
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Disturbance Model 
In this model $ does not reflect the actual motion of a 

particle but its measured motion. The latter differsfrom the 
former to the extent to which the instrument that is used to 
measure the particle's position disturbs the particle's mo- 
tion in a systematic way, such that errors in measurement 
are not averaged out when a large number of observations 
are made (26). In the case of a particle in a box, this distur- 
bance could be such that, when the particle is in its n = 2 
state, it is never observed between x = 'I& and x = 'I& + dx, 
even though, when undisturbed, i t  does spend time in this 
interval. 

Ensemble Interpretation 
According to this interpretation, $ does not reflect the 

motion of a single system hut of a large numher of similar 
systems (Zc, 6). I t  gives the distribution that would be ob- 
tained if one had a large number of boxes of length L, placed 
in each box a particle of mass m, set each particle in motion 
in state n, and then measured the position of each particle in 
its box. 

On this interpretation, an individual particle does not 
necessarily have to cross a node during its motion. For exam- 
ple: 

(1) Each particle could he confined to a region between nodes. For 
example, when the particles are in then = 2 state, those in half 
of the boxes could be confined to the left-hand side of the box 
and those in the other half to the right-hand side. 

(2) The particles could all be stationary, as on Bohm7s theory (be- 
low). 

Wave Interpretations 
When Schr6dinger devised his mechanics, he conceived of 

matter in terms of waves. not   articles (2d. 7). He reoresent- . - 
edeach such wave by two functions, of thd firm, foia  single 
unit of matter a t  constant energy, 

exp (-2iriEtlh) (9) 
* exp (2niEtlh) (10) 

where is the amplitude of the wave and t is time. He 
assumed that the density of matter a t  different points along 
the wave is proportional to W Y  (so that for a unit of matter 
carrying an electrical charge q the charge density is q P W ,  
and he associated particulate behavior with the superposi- 
tion of a large numher of waves to form a wave packet. This 
approach was soon abandoned, however, because the wave 
packets formed from * did not stay together except in spe- 
cial cases (2d). Recently, however, several workers have re- 
vived the wave interpretation: 

(1) Barut (80) has suggested that there should be an extra term in 
Schrodin~er's equation for an electron that prevents its solu- 
tions from spreading. 

(2) Crarner (8b) has suggested the existence of two waves: one, given 
by T, traveling forward in time; the other, given by T*, traveling 
backward. He argues that it is the superposition of these that 
gives rise to particulate phenomena. 

(3) Andrews (8c) has suggested that there is a wave system extend- 
ing throughout the universe and that elementary particles cor- 
respond to stable interference peaks in this system. 

On a wave interpretation, the nodes in $ present no prob- 
lem: as for anv wave. they simply represent points where the . . 
amplitude of 'the wave is zero: 

Wave-Partlcle Duality 
In its strong form, this asserts that quantum objects are 

neither particles nor waves but entities that can somehow 
behave like both (9). In its weak form, i t  holds that "wave" 
and "particle" are complementary descriptions of what ap- 
pear to be objects (see below). On either version, $ is associ- 
ated with wavelike behavior, so that nodes in it are not a 
prohlem. 

Phenomenalistic Interpretation 
This asserts that there are no such things as quantum 

objects (Ze, 10). These are fictions by which we describe 
macroscopic phenomena like tracks in cloud chambers and 
patterns on photographic plates. The quantum theory en- 
ables us to  correlate such phenomena, but the quantities 
appearing in it have no physical significance. A node in a 
wave function merely reflects the nonoccurrence of a certain 
outcome in a series of experiments. The question of how a 
quantum particle gets across one has no meaning. 

Coupled with Heisenberg's uncertainty principle, this in- 
terpretation and the previous one form the basis of what is 
commonly called the "Copenhagen interpretation" because 
it was developed under Bohr a t  Copenhagen (Zf, IOa). I t  is an 
interpretation that varies somewhat, both in the  extent to 
which it denies reality to quantum objects and in the role 
that i t  assigns to observers in determining quantum phe- 
nomena (see next section). 

Subjective lnterpretation 
This holds that quantum phenomena have their origin, a t  

least partly, in the minds of those who observe them (11,12). 
For example, Stapp (12) has argued that "reality is created 
by a sequence of self-determining creative acts; the physical 
world, as represented by the wave function of quantum the- 
ory, represents tendencies for the creative acts." In the case 
of a particle in a box in its n = 2 state, this means that the 
tendency for an observer to initiate a measurement of x that 
would produce a result between 'I& and 'I& + dx is nil. He or 
she simply never tries to make such a measurement. 

Particle-cum Wave Internretation 
Shortly after SchrBdinger presented his new mechanics, 

de Broelie developed what he called "the theow of the dou- 
ble sol&ion7' (2gj. In this theory, an electron-is a particle 
that is "mided" by a wave q. This wave constrains the 
trajector;of an individual electron and produces the proba- 
bility distribution *** for an ensemble of electrons. Several 
ohjekions to this theory were raised, however, and it was not 
accepted. Later, von Neumann published a proof that no 
theorv of this kind. in which "hidden variables" (e.e.. defi- . - .  
nite 6ut unobservable trajectories) are postulated, can be 
consistent with the auantum theow (2hJ. In theearlv 1950's. . .  . 
however, Bohm succeeded in producing such a theoh, along 
the lines of de Broelie's (2i, 13). 

Bohm began h i  recasting the SchrBdinger equation by 
means of the substitution 

B = R exp (2rriSlh) (11) 

where R and S are real. He obtained in this way eauations for 
Rand S that are similar in form to classical equations for the 
motion of an ensemble of particles, the only difference being 
the presence of a term dongside the classical potentiai, 
which he called the "quantum-mechanical potential." By 
analoev with the classical eauations. he took the auantum 
equacins todescribe the mokonof an ensemble of ;articles, 
and identified the velocitv of an individual oarticle as (in one 
dimension) 

u = (dS1dx)Im (12) 

Now for a ~ a r t i c l e  in a box inastationamstate. S = -Et (eas . . 
9, 2, and 11). Insertion of this into eq 12 gives v = 0; i.e., 
accordine to Bohm's theorv the t article is stationarv. 

 ohm< theory was critiiized by Einstein (14a) f i r  giving 
this result. but Bohm (146. 15) has answered this criticism 
by pointing out that the result holds only for a particle in a 
box with oerfectlv rieid walls. It does not aoolv to a oarticle 
in a real box, since tge thermal motion of th; & U s  prevents 
the  article from being in a stationarv state. Another diffi- 
cult; is that the ensemble has to he postulated to  have the 
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The prohlem of the nodes on this interpretation has been distribution +*+, but Bohm and Vigier (16) have partly met 
this prohlem by developing the model described below. 

Partlcle in a Fluctuating Fluid 
This model was devised by Bohm and Vigier (16) to  meet 

the difficulty just referred to. I t  is based on Madelung's 
interpretation of the quantum theory, which he put forward 
in the same year that Schriidinger published his mechanics 
(2j). Madelung transformed Schrodinger's equation by a 
similar substitution to the one used by Bohm (eq 11 with a = 
R and B = 2rSlh) and obtained equations that he interpret- 
ed as describing the motion of a fluid (the "hvdrodvnamic" 
interpretation): This model does not adeq;atelyexplain 
particulate behavior, hut Bohm and Vigier adapted it to do 
so along the lines of de Broglie's double solution. They sug- 
aested that auantum particles are embedded in Madelune's 
h i d  and derive the& motion from it in the same way-in 
which a pollen a a i n  executine Brownian motion derives its 
movement from the surrounding water. They further sug- 
gested that, in addition to the Madelune motion of the fluid, 
there is also a randomly fluctuating motion, as in the exam- 
ple just given. 

In this model, the motion of aparticle in a stationary state 
is such that within a region bounded by nodes the probabili- 
tv densitv is ~ r o ~ o r t i o n a l  to &*&. However. the  article nev- 
er crosses a node. To ohtain the distribution i*$ over the 
whole of soace. i t  is necessarv either to invoke the ensemble 
interpre&ion(see examplei) or the nonexistence of truly 
stationary states. Bohm and Vigier take the second course, 
arguing that "a perfectly stationary state is an abstraction 
that never really exists. . . all states are slightly nonstation- 
ary, and no perfectly nodal planes of thi+ function ever 
really appear in nature." 

For a particle-in-a-fluid model to give exactly the same 
results as the quantum theory, the fluid must have the prop- 
ertv that a measurement made on one oarticle influences the 
outcome of a measurement made on an associated particle 
even a t  a great distance from it. That the quantum theory 
predicts a greater degree of correlation between the results 
of such measurements than any local hidden-variahles the- 
ory can was pointed out by Bell (%). This prediction has 
been tested experimentally, most recently by Aspect and his 
co-workers (17). Aspect studied pairs of photons emitted in 
opposite directions by two-step decay of excited calcium 
atoms. In the path of each photon he placed a polarizer, and 
he compared the polarization assumed by one member of 
each pair with that assumed by the other. He found that, 
when the angle between the polarizers differed from 0°, 4 5 O ,  
and 90°. there was a ereater deeree of correlation hetween 
the pol&izations th&hat whici would have been expected 
if the measurement made on one photon did not affect the 
measurement made on the other-the correlation coefficient 
being close to  that predicted by the quantum theory. He 
even obtained such enhanced correlation when he switched 
each photon to  one of two polarizers and set the switch after 
the photons had been emitted. To account for these results 
in terms of a background field or fluid, i t  is necessarv to 
suppose either that the  field or fluid c& transmit an effect 
from one photon to the other a t  very high speed (greater 
than the speed of light in the delayed-switching experi- 
ments) or that the apparatus can relay the effect of one pair 
of photons passing through it to the next pair. 

Stochastic hterpretatlon 
Several workers have taken the analogy with Brownian 

motion one step further and presented dbrivations of the 
SchrBdinger equation based &tirely on the classical-me- 
chanical treatment of this kind of motion (''stochastic me- 
chanic~") (21). Ifthe assumptionson which thesederivations 
are hased can be ~ustified, particularlv in respect ot'nonloca- 
lity, they make the quan&m theor ia  c o m b ~ e t e ~ ~  classical 
theory. 

discussed by several authors (18). They conclude that nodes 
are never crossed; the effect of the background field is such 
that particles never quite reach them. AS with Bohm and 
Vigier's model (16), to obtain the distribution &*& over all 
space, i t  is necessary to invoke either the ensemb~einter~re- 
tation (lac) or small perturhations of stationary states (18~) .  

Many- Worlds lnterpretatlon 
Everett has suggested that, when a measurement is made 

on a system, the universe splits into a number of different 
universes (2m). In one universe, the measurement yields one 
result; in another universe, i t  yields a different one. The 
distribution of results over universes is given by $. 

With this interpretation, the significance of the nodes is 
similar to that on the disturbance model. In the case of a 
particle in a box in the state n = 2, the node a t  x ='I& means 
that, when a measurement is made of x, no universes are 
produced in which the result of the measurement lies be- 
tween '/& and '/& + dx. 

Summary 
That so manv interoretations of the auantum theorv have 

been ~u~gestedtestifiks to the difficulty of relating t i e  the- 
ory to reality. For a theory that reproduces the results of 
experiments so well, this difficulty is remarkable. For many 
years, most physicists accepted the "Copenhagen interpre- 
tation" as the best solution to the problem. In recent times, 
however, this a ~ ~ r o a c h  has heen called into auestion. and a 
vigorousdebate is  now taking place as to which inteipreta- 
tion is correct (5). This is a healthy development, opening 
the way for a fresh attack on the nature of physical reality. 

Third Solutlon: The Logic Is Wrong 

Some mathematicians have suggested that the problem 
with the above interpretations is that they rely on the ordi- 
nary rules of logic, as formulated by Boole (272). There are 
other systems of logic that could be used, just as there are 
other kinds of geometry besides Euclidean geometry. Con- 
sider. for examnle. the auestion of whether a particle can 
have; definite position 6)  and momentum @) &en though 
precise specification of one precludes precise specification of 
the other. If it can, then the proposition that x has a particu- 
lar value (XI) is compatible with the proposition that D has 
some value<pl or p i  or pg . . .).  owa according to  Bodean 
logic, the statement "(x = XI) and @ = p l  or pz or . . .)" 
implies that "(x = xl and p = pl) or (x = xl and p = p,) or 
. . . ", which is precluded. However, by changing the logic, 
the first statement can he retained without implying the 
second. 

This annroach can be a ~ n l i e d  to the ~rob lem of the nodes. 
A - & .  

If XI  and xz represent the values of x for a particle in a box a t  
two different times. then auantum loeic allows one to assert 
that "(xl = &I/& 0; I/&-i) and (x2 = 0-'I& or 'I&-L)", i.e. 
that the particle ranges over the whole length of the box. 
Boolean logic does not allow this assertion, since with this 
logic i t  is equivalent to "(XI = 0-ll~L and 1 2  = &%L) or (XI = 
0-%L and x2 = U-L) ,  etc.", the cross terms of which are 
precluded by the node. 

This solution to the interpretational problems of the 
quantum theory is very ingenious, hut it is also very ad hoc. 
I t  does little more than replace one question with another: 
why should the logic of the quantum theory be different? 
(19) 

Fourth Solution: Infinite Soeed 
This solution retains White's (3) interpretation of $ and 

takes i t  to its loaical conclusion. 
Consider again a particle in a one-dimensional box. Ac- 

cording to White's interpretation, the fraction of time that 
the particle spends between x and x + dx in a stationary 
state is equal to p d x .  Part of this time (0 is taken up in net 
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movements from left to  right across dx and part (1 - €) in net 
movements from right to left. If the average length of time 
between one left-to-right crossing and another is At, the 
average time the particle takes to make such a crossing is 
given by 

dt = (Epdx)At (13) 

The average velocity with which it makes such a crossing is 
therefore given by 

A similar expression holds for right-to-left crossings: 

At a point a t  which p = 0, eqs 14 and 15 give lul = -, i.e., the 
particlegets across the node by traversingit infinitely quick- 
1.,17n) 
.J ,--,. 

This solution violates the theory of relativity, which sets 
an upper limit to Iul of the speed of light in a vacuum (c). 

Fifth Solution: The Theory Is Wrong 
Powell (21) has oointed out that Schrddinger's equation 

takes no account of relativity and is only an approximation. 
A better theorv of the electron is that of Dirac, which is 
based on the reiativistic equation 

E = meZ = m,c2(1 - uZI~2)-1'2 (16) 

(ma = rest mass). This gives orbitals that do not have nodes. 
For example (21):' 

(1) Where SchrBdinger's 2s orbital has a node, Dime's 2s orbital has 
a contour surface of very low, hut finite, density. 

(2) Whereas SchrSdinger's 2po orbital bas a nodal plane, the corre- 
sponding Dime orbital ( 2 ~ 1 ~ 2 )  is spherically symmetrical. 

(3) Where SchrMinger's 2p,, 2py, and 2p, orbitals have a node, 
Dirac's have only a near-node. 

The nodes in Schriidinger's orbitals are thus artifacts of his 
theory. When the theory is improved, the nodes disappear. 

That the reason why Schrodinger's theory gives nodes is 
that i t  fails toset alimit to the speed of aparticle is shown by 
the fact that, if in the equations for Dirac's orbitals c is set 
equal to infinity (i.e., the fine-structure constant is set equal 
to zero), the near-nodes in his orbitals become nodes (22). 
This can be understood as follows. According to Powell (21), 
an electron crosses the near-nodes in Dirac's orbitals a t  the 
limiting speed c. Raising the value of this enables the elec- 
tron to cross these surfaces more quickly, thereby reducing 
the probability density a t  them. In the limit c - ", p - 0. 

Ofthe fivesolutionsdescrihedahove, the first (integrating 
over Ax) is wrong, and the third (changing the logic) is little 
more than a restatement of the problem. Each of the others, 
however, has merits as well as demerits. 

The merit of the second solution-invoking other inter- 
pretations--is that i t  makes students aware that the inter- 
pretation of the quantum theory is still an open question. 
While a t  one time most ~hvsicists acce~ted the "Copenha- . - 
gen interpretation", opinion is now divided as to which in- 
teroretation is correct. Students of chemistry ought to know 
about this controversy, and the problem of thcnodes pro- 
vides an opportunity to discuss i t  with them. 

Against this, however, is the fact that many students find 
the quantum theory difficult and need it made as simple for 
them as possible. For most purposes, White's (3) picture 
provides the most helpful way of thinking about J. in quan- 
tum chemistry (23).= To invoke another interpretation to 
explain the nodes is to  destroy the credibility of this picture 

and to increase student insecuritv. 
In relation to this, the fourth solution-that particles 

cross nodes a t  infinite speed-has the merit of keeoina to 
White's interpretation. Against it, however, is the posiibi?ity 
that his interpretation is wrong, and the unphysical nature 
of the singularity Iul = m. Speeds greater than c are pro- 
scribed by the theory of relativity. That Schrddinger's the- 
ory should allow such speeds is a reflection of its approxi- 
mate character. 

The merit of the final solution is that it not only preserves 
White's interpretation, but it makes physical sense: in a 
relativistic theom. there are no nodes. 

However, evei'tbis solution bas its drawbacks, Dirac's 
theorv is not easv. and i t  has its own intemretational orob- 
~ems ,e .~ . ,  soluti&s with m < 0 (24).   or cover, i t  stiligives 
singularities. If an electron crosses a near-node a t  lul = c, 
then, since mo > 0, it must have lpl = m. 

In conclusion, there is a t  the present time no perfect way 
of answering a student's question on how an electron gets 
across a node. Each instructor must use his or her own 
judgement as to the best answer to give. I hope, however, 
that this article has made the alternatives clearer and will 
enable instructors to make their choices in a more informed 
way. 
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' Powell also discusses the case of an electron in a box. using the 
Dirac functions for this system derived by Sherwin (25). These func- 
tions are, however, unsatisfactory (the smal components are discon- 
tinuous at the wails of the box). The correct solutions for this system 
are complicated by the existence of states with m < 0 (2Q. 

The Born-White picture can be extended to nonstationary states 
if the motion described by at time f is very rapid in comparison 
with the change in q'T with t. In this case, q'q as a function of t 
corresponds to a cine film of the motion, with a time exposure for 
each frame. This is a helpful way of picturing, e.g., spectroscoplc 
transitions (cf. ref. 2b7. White's picture applies less well to diffraction 
phenomena, where each particle arrives at a single point on the 
screen, and adiffraction pattern Is only obtained after a large number 
of particles have passed through the grating. However, if a means 
could be found to return each particle to the source after it had made 
its mark on the screen. then a diffraction Dattern could be obtained 
with a s ngie particle, oy a lowing it to cydie repeatedly tnrough the 
gratmg an0 oack to the source. Tne pattern woulo then correspond to 
a longexposure photograph of the partcle at the screen. 
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