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Solutions to the Midterm Examination: Modern Physics

1. (a) You want to explore the shape of a certain molecule by scattering electrons of

momentum p from a gas of the molecules and studying the deflection of the

electrons. You will be able to see finer details in the molecules by

i. Increasing p

ii. Decreasing p, or

iii. Not worrying what p is. (2 Marks)

Solution The answer is (i). Fine details are seen by smaller λ as this means a

smaller uncertainty in the spatial location, ∆x. Now momentum p = h/λ, so

a smaller λ results in a greater p. Hence in a scanning electron microscope, if

electrons are accelerated through a higher electric potential, they acquire higher

momentums and the resolution improves.

(b) How is it possible to distinguish between the two isotopes of hydrogen, 1H and

2H? (2 Marks)

Solution The two isoptopes can be distinguished through their atomic spectra.

The reduced masses µ of the electron in the two isotopes are different resulting

in different energy spectra,

En = − µe4

2(4πε0~)2
1

n2
. (1)

(c) The filament of a light bulb has many atoms that become thermally excited into

the same excited states. Why doesn’t the bulb act as a laser? (2 Marks)

Solution In a laser, stimulated emission must dominate spontaneous emission;

a condition which is achieved through population inversion. In a light bulb, the

excited populations are not higher than the unexcited populations, indicating the

absence of population inversion.

(d) Why is the wave nature not apparent to us in our daily lives? (2 Marks)

Solution There are different equivalent answers to this question. First, the de

Broglie relationship λ = h/(mv) tells us that for massive objects and with the

exceedingly small value of h, the wavelength is small compared to the resolution
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of our instrument, be it the eye, or the microscope. Hence, we cannot resolve

the graininess of the wavelength and the wave picture is obscured. For revealing

the wave picture, one has to go to small momenta (mv) making the wavelength

appreciably large so that our measuring apparatus can resolve the graininess.

(e) An electron is moving from left to right in a straight copper wire. It encounters a

gap of width w in the wire. You would like to decrease the speed of the electron

emerging from the right of the gap. Only possible way of achieving this is,

i. Increase the width w of the gap.

w

E Uo E

U(x)

w

E Uo E

U(x)

becomes:

ii. Increase Uo, the potential energy of the gap.

w

E
Uo E

U(x)

w

E Uo E

U(x)

becomes:

iii. Increase the potential energy to the right of the gap.

w

E Uo E

U(x)

w

E

E

U(x)

Uo

U1

becomes:

iv. Decrease the potential energy to the right of the gap.

w

E Uo E

U(x)

w

E

U(x)

Uo

U1

becomes:

v. More than one of the changes above would decrease the speed of the electron.

(4 Marks)

Solution The correct answer is (iii): increasing the potential energy to the right

of the gap as this decreases (E−U1), decreasing the wave vector k of the oscillatory
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wavefunction in the region to the right of the gap, increasing λ, decreasing p and

hence the velocity. Notice the significance of E > U1 as this ensures that the

wave function is oscillatory. Furthermore, (i) and (ii) are not correct answers

because increasing the strength of the barrier only reduces the amplitude of the

wave function present to the right of the gap and does not effect the wave vector

or wavelength.

(f) The plot on the above left shows a potential energy function, V (x) versus x,

corresponding to an “asymmetric” infinite well. The infinite well is of width 2a,

with impenetrable walls at x = ±a, and where V (x) = +V0 for -a < x < 0 and

V (x) = 0 for 0 < x < +a. Of the figures on the right, which is/are most likely

to be physically acceptable energy eigenstate solutions for the time-independent

Schrodinger equation for this well?. (3 Marks)

i. I and IV only

ii. I only

iii. II and III only

iv. II only

v. IV only
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Solution The correct answer is (v). If E > V , then E − V determines the wave

vector k; larger the difference E−V , greater the magnitude of k and smaller the

wavelength. This condition is met in figure IV.

2. A bright star easily visible to the naked eye, emits radiation such that the intensity

(power per unit area) at earth’s surface is I = 1.6 × 10−9 W/m2 at a wavelength of

560 nm. If the pupil of the eye has a diameter roughly equal to 5 mm, estimate the

rate at which photons from such a star enter the night−adapted eye. Assume that the

human eye responds to a rate of 15 photons/s. What is the minimum power needed

to trigger the optic nerve? At this wavelength, how much farther away could this star

be and still be seen? (5 Marks)

Solution

Flux of photons (per unit time per unit area) received on the surface of the earth is

N = I/Ephoton = Iλ/(hc) = 4.5× 109 s−1 m−2.

Approximate area of the pupil is Aeye = π(2.5× 10−3)2 and the flux entering the eye

is Aeye ×N = 8.8× 104 s−1.

Threshold of the human eye’s observability is remarkably low at 15 photons per second.

This corresponds to a threshold power of 15hc/λ = 5.3 × 10−18 W and a threshold

intensity of Ithresh = 5.3× 10−18/Aeye = 2.7× 10−13 W m−2.

The intensity from a point source such a star emitting power P is inversely proportional

to the square of the distance R, I = P/(4πr2). The configuration is shown in the figure

below.

P

R2

R1

The star can be at a distance R2 and still be observable, and from the inverse-square
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relationship, R2 can be found as,(
R2

R1

)2

=
I

Ithresh
=

1.6× 10−9

2.7× 10−13
, (2)

implying that the star can be R2/R1 ∼ 77 times further away and still be observable.

3. A consequence of Stefan-Boltzmann law is that a blackbody at temperature T emits

radiation at a rate of P (T ) = σT 4. Suppose we have two ultra-large plates maintained

at 300 K and 6000 K. We place a small black plate between the two. This black plate

absorbs all radiation that falls on it. Assuming that at equilibrium, this plate emits as

much energy as it absorbs, what temperature will it acquire on reaching equilibrium?

(5 Marks)

Solution

The configuration is shown in the accompanying figure.

T
1

T
2

T
3

The large plates are assumed to be so large that their temperature does not appreciably

change and T1 and T2 remain constant at 300 K and 6000 K. The black plate is a

‘blackbody’, hence the emissivity ε = 1. At equilibrium, the black plate absorbs as

much heat as it emits. We can equate the heat exchanged between the plates, (heat

entering the blackbody from plate 1 = heat leaving the blackbody into plate 2) yielding

the algebraic equation,

σ(T 4
1 − T 4

3 ) = σ(T 4
3 − T 4

2 ), (3)

whose solution simply yields T3 = 5045 K. (The working is straight forward and hence

omitted!)
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4. Electrons are diffracted from a crystal with planar spacing between the atoms being

d. Diffraction maxima are obtained for 2d sin θ = nλ. If d = 0.45 nm, what energies

would electrons need for you to be able to observe upto four interference maxima? (5

Marks)

Solution

For n = 4, we have 2d sin θ = 4λ. Since sin θ ≤ 1, we obtain the constraint 2d ≥ 4λ

or λmin = 2d/4 = d/2 = 0.45/2 = 0.225 nm. Hence the maximum momentum for the

electrons to observe 4 peaks is pmax = h/λmin = 3× 10−24 kg m s−1.

We can use the relativistic expression to find the energy of electrons with momentum

pmax,√
(pmaxc)2 + (m0c)2 =

√
(3× 10−24 × 3× 108)2 + (9.11× 10−31 × 9× 1016)2 = 8.2×10−14J,

(4)

or 5.2× 105 eV.

5. Monochromatic light of wavelength 720 nm passes through a fast shutter, which stays

open for a nanosecond. What will be the wavelength spread of the beam after the

light emerges through the shutter? (3 Marks)

Solution The frequency spread ∆ω and wavelength spread ∆λ can be estimated from

the energy-time uncertainty relationship,

∆E∆t = ~∆ω∆t ≥ ~
2
. (5)

Using the equality in the above, the spread in frequencies is at least,

∆ω =
1

2∆t
=

1

2× 1× 10−9
= 5× 108 rad / s. (6)

Now, the frequency and wavelength are related through λ = c/f = 2πc/ω, resulting

in (take differentials on both sides),

|∆λ| = 2πc

ω2
∆ω =

λ2

2πc
∆ω =

(590× 10−9)2 × 5× 108

2π × 3× 108
= 9.2× 10−5 nm. (7)

No light is really monochromatic!

6. Consider a particle of mass m with potential energy U(x) = −U0

(
x
a

)
for x < 0 and

U(x) = +U0

(
x
a

)
for x > 0, as shown in the Figure.
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x

U(x)

Slope=Uo
a

Use the uncertainty relations to estimate the lowest energy the particle can have.

When is the minimum energy zero and why? (7 Marks)

Solution

Consider the diagram shown above. The electron is bound to the inside of the well if

its energy is smaller than U(x), which is explicitly dependent on x. Suppose that the

smallest possible energy is Emin. Also suppose that in the ground state, the uncertainty

in its position is ∆x and the uncertainty in momentum is ∆p. The energy Emin is

upper bound by (i.e., must be less than) U0∆x/a. [The dashed energy line for Emin

must be below or at the level of the orange circles.] We estimate ∆p ∼ p =
√
2mEmin

and using the uncertainty relationship obtain,

Emin ≤ U0∆x

2a
=

U0~
4∆p a

(8)

=
U0~
4pa

(9)

=
U0~

4a
√
2mEmin

, (10)

which leads to, after some re-arrangement,

Emin =

(
U2
0~2

32a2m

)1/3

, (11)

which is the desired estimate.

The result makes intuitive sense as well. The slope of the potential energy function

is U0/a, increasing a leads to flatter curves as shown in the accompanying figure, and

reduces the ground state energy Emin. Eventually for a → 0, the particle is free (un-

quantized) and Emin → 0; this is when the particle starts behaving like an unbound,

classical, free particle.
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Increasing a; slope decreasing

7. The de Broglie wavelength of a free electron of energy E is given by λ = h/p =

h/
√
2mE. Suppose the electron enters an electric field, acquiring a potential energy,

U(x) = −eV (x), where V is the electric potential. The energy changes to E =

p2

2m
+ U(x). (a) Write an expression for the de Broglie wavelength in the presence of

the electric field. (b) Effectively, the velocity of the electron changes in the presence

of the field. Show that its appears that the electron is moving through a medium of

refractive index n(x) =
√

E/(E − U(x)). (10 Marks)

Solution (a) The (non-relativistic) energy in the presence of the electric field is,

E =
p2

2m
+ U(x) =

p2

2m
− eV (x), (12)

and after some re-arrangement in the above equation, results in the momentum,

p = mv′ =
√
2m(E + eV (x)), (13)

and the de Broglie wavelength,

λ =
h

p
=

h√
2m(E + eV (x))

. (14)

(b) From Equation (13), the apparent velocity is,

v′ =

√
2

m
(E + V (x)) =

√
2

m
(E − U(x)), (15)

whereas in the absence of a field, the velocity is,

v =

√
2

m
E. (16)

Dividing the velocities results yields the apparent refractive index,

n =
v

v′
=

√
E/(E − U(x)), (17)

which is the desired result. Note that the refractive index is position-dependent.
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8. (a) Show that the transmission coefficient T for tunneling from region I to region III (as

shown in the Figure) can be written as the product T1T2, where T1 is the transmission

coefficient for the barrier 1 and T2 is the transmission coefficient for the barrier 2. (b)

Construct a physical picture of the tunneling of a single electron through a barrier

with the transmission coefficient 1/2. (10 Marks)

Solution a)

T = |c3eiKx|2
|c1eiKx|2 = |c3|2

|c1|2

T1 =
|c2eiKx|2
|c1eiKx|2 = |c2|2

|c1|2

T2 =
|c3eiKx|2
|c2eiKx|2 = |c3|2

|c2|2

thus T1T2 =
|c2|2
|c1|2

|c3|2
|c2|2 = |c3|2

|c1|2 = T

b)

The half transmission coefficient means that the probability of finding the electron on

both sides of the barrier is one half. Statistically speaking, if large number, say N

electrons hit the barrier then on average N/2 electrons will tunnel through the barrier.

9. The energy of an electron in a Bohr’s atom is En = −13.6Z2

n2 eV. An electron in

chromium (Z = 24) makes a transition from the n = 2 to n = 1 state without

emitting a photon. Instead, the excess energy is transformed to an outer electron in

the n = 4 state, which is ejected by the atom. This is called an Auger electron. Find

the kinetic energy of the Auger electron. (5 Marks)

Solution The decrease in energy as a result of the n = 2 → n = 1 transition is E2−E1.

Since energy must be conserved, this energy is taken up in the ionization process and

the excess appears as the kinetic energy of the Auger electron. The energy required

for ionizing the n = 4 electron is Eionize = −E4. Hence the K.E. of the Auger electron
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is,

E2−E1−(Eionize) = E2−E1+E4 = −13.6Z2 (
1

22
− 1

12
)−13.6Z2 1

42
= 13.6 (24)2

11

16
= 5.4 keV.

(18)

mass of an electron : me = 9.1× 10−31 kg

mass of a proton : mp = 1.67× 10−27 kg

Planck’s constant : h = 6.63× 10−34 J/s

~ = 1.054× 10−34 J/s

Speed of light : c = 3× 108m/s

1 eV = 1.6× 10−19 J

hc = 1243 eVnm
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