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1 Lecture 1

Textbook will be Sakurai, but will insert things from other places because that book is a bit outdated. This
course is also about tools, because QM will be used in condense matter physics and high energy physics
as a tool.

1.1 Symmetries

Symmetry is a very useful concept. Sometimes we can get useful things which is otherwise obscure out of
a problem using the symmetry in the problem itself. Let’s consider an example of classical mechanics first.
Suppose the Lagrangian L(q, q̇) depends on the coordinates and its derivative. If we have

∂L
∂qi

= 0 (1)

for some qi then we have the Lagrange equations of this coordinate

d

dt

(
∂L
∂q̇

)
=
∂L
∂q

= 0 (2)

So the quantity ∂L/∂q̇ will be a constant which doesn’t change with time. In classical mechanics we know if
∂L/∂x = 0 then the corresponding momentum is conserved. This is an explicit example of this symmetry.

Equivalently we can work in the Hamiltonian picture. The Hamiltonian depends on the coordinates
and momenta H(qi, pi). Because of the Hamiltonian equations we know that

∂H
∂qi

= 0 =⇒ ṗi = 0 (3)

This applies to translation or rotation, etc. However this symmetry may not be apparent, and we need to
change into a new set of generalized coordinates to discover the symmetry of the above form. Say azmuthal
symmetry in spherical coordinates.

1.2 Continuous Symmetries

Now we come to QM. Let Ŝ be a symmetry operator. It should be a unitary operator satisfying

Ŝ†Ŝ = 1 (4)
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This is because we want the symmetry operation to preserve norm of states. This is the basic assumption,
because otherwise we can hardly call it a symmetry operation. We know that we can always write an
infinitesimal unitary operator as

Ŝ = 1− iε

~
Ĝ (5)

where Ĝ† = Ĝ is a hermitian operator. We call Ĝ the generator of the symmetry transformation.
The above construction applies to any unitary operator. The fact that Ŝ is a symmetry operator means

that we have the following relation
Ŝ†HŜ = H (6)

It follows that the Hamiltonian H commutes with the symmetry generator Ĝ, [Ĝ, Ĥ] = 0. This implies
that

dĜ

dt
= 0 (7)

which is a result of the Heisenberg equation of motion.
Let’s consider some examples. In the case of translation, the symmetry operator is just translation T (l)

by a fixed vector l. The generator is just the momentum p. If we consider 3D rotation then the operator is
just a rotation by a fixed angle around a vector, and the generators are the angular momentum operators.
Now suppose we have some initial state which is an eigenstate of the symmetry operator Ĝ |g〉 = g |g〉. We
want to ask after time t what is the state. We can just do the usual time evolution

|g, t〉 = Û(t, t0) |g, t0〉 (8)

The time evolution operator depends purely on the Hamiltonian, so we know that Ĝ commutes with the
time evolution operator, so we know

Ĝ |g, t〉 = ÛĜ |g, t0〉 = g |g, t〉 (9)

So the eigenket remains an eigenket with the same eigenvalue in all time.
One of the most important consequences of symmetries are degeneracies of the quantum states. De-

generacy means that there is more than one states that correspond to the same energy. It is important
to study degeneracies because in many physics problems we are interested in the energy spectrum of the
system. We know that

[Ĥ, Ĝ] = 0 (10)

so if |α,E〉 is an eigenstate of the Hamiltonian with eigenvalue E, then if we apply the symmetry operator
to the state we will get an energy eigenstate with the same eigenvalue E

Ĥ
(
Ŝ |α,E〉

)
= EŜ |α,E〉 (11)

Now if we label the symmetry operator by a continuous variable, for example θ in rotation, then in this
way we can generate a whole class of energy eigenstates all with the same energy eigenvalue.

Now let’s be specific and consider rotations only. We know that [Ĵ, Ĥ] = 0 and also [Ĵ2, Ĥ] = 0. If
we label the states using |n,m, j〉, then in principle energy can depend on all three quantum numbers.
But in this case we know that D̂ |n, j,m〉 is an eigenstate of the Hamiltonian with the same energy as
|n, j,m〉. From rotation theory we know the rotated state is a linear combination of |n, j,m′〉. So we
have to demand that energy do not depend on the quantum number m. This introduces a (2j + 1)-fold
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degeneracy. Note that this is not a result of the Schrödinger equation. We haven’t specified the nature of
the angular momentum J . But this is a general result which applies to all kinds of angular momenta. In
hydrogen atom we have additional accidental degeneracy so that the energy doesn’t depend on l, but in
general this is the minimal number of degeneracy in a spherically symmetric system.

Consider spin-orbit coupling

Ĥ = Ĥ0 + ĤSO, ĤSO = λSOS · L (12)

In the case when λSO = 0 there is a (2l + 1)(2s+ 1) degeneracy. When we turn on spin-orbit coupling we
have a (2j + 1) degeneracy. For example when l = 1, s = 1/2, we originally have 6-fold degeneracy and
the spin-orbit coupling lifts it for different j value. There is a 2-fold degeneracy for j = 1/2 and a 4-fold
degeneracy for j = 3/2.

1.3 Discrete Symmetries

The above consideration about the symmetry operator assumes that the symmetry operator depends on
a continuous variable, thus a continuous symmetry. We can also consider discrete symmetries. One
important discrete symmetry is parity Π̂, which is just space inversion. If our coordinate system consists
of (x, y, z) coordinates, then the effect of a parity transformation is to invert all of the three coordinates
(x, y, z)→ (−x,−y,−z). This is not a rotation because there is no way to rotate all the axes by π at the
same time.

If we apply the parity operation to a quantum state, then trivially we have |α〉 → Π̂ |α〉. The expectation
value of the position operator becomes

〈x〉α = 〈α|x|α〉 −→ 〈α|Π̂†xΠ̂|α〉 = −〈α|x|α〉 (13)

As with a continuous symmetry the parity operator is unitary Π̂†Π̂ = 1. From what we have above we
know that

xΠ̂ = −Π̂x (14)

So the position operator anticommutes with the parity operator. Now suppose we operate the parity
operator on a position eigenstate, then we should have

Π̂ |x〉 = eiδ |−x〉 (15)

There is no apparent way to decide the phase factor δ, so we use for simplicity that δ = 0. If we apply the
operator twice then we will get back the same state. So we know that Π̂2 = 1. Combined with unitarity
we know the parity operator is both hermitian and unitary

Π̂ = Π̂† = Π̂−1 (16)

This implies that the only possible eigenvalues are ±1. Obviously |x〉 is not an eigenstate because it changes
into |−x〉 but we can construct linear combinations of the position eigenkets to be the eigenkets of the
parity operator.

For an arbitrary operator Â if ÂΠ̂ = Π̂Â then we say Â is even, whereas if ÂΠ̂ = −Π̂Â then we say Â
is odd. Obviously x is odd, and the momentum operator, defined to be p = mdx/dt, is also odd. We can
investigate this more deeply by considering an infinitesimal translation

T (dx) = 1− i

~
p · dx (17)
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Then we should have
Π̂T (dx) = T (−dx)Π̂ (18)

This means that if we translate first and then do the inversion, it is equivalent to do the parity first and
then translate to the other direction. So if we expand the equation using p then we can find p̂Π̂ = −Π̂p̂.

What about angular momentum operator? For example, the orbital angular momentum is defined as

L = x× p (19)

Since x is odd and p is odd, we should expect L to be even. So we have [L̂, Π̂] = 0. In fact we can go
further and prove that

[Π̂, Ĵ] = 0 (20)

for all kinds of angular momenta. So angular momentum does not change sign under parity inversion.
Note that under rotation, x,p,L, all transform the same way as a vector. But from the point of view
of reflections, x and p are odd and they are called polar vectors or just vectors whereas J which is even
under reflection is called a pseudovector, or axial vector. This is also true for all cross products of two polar
vectors. From the above we will expect that x · p and J2 are scalars under both rotation and reflection,
but the product x · J is invariant under rotation but odd under reflection, so we call it a pseudoscalar.

Let’s now consider a wavefunction ψ(x) = 〈x|α〉. The effect of the parity operation on this wavefunction
is

ψ(x) = 〈x|α〉 −→ 〈x|Π̂|α〉 = 〈−x|α〉 = ψ(−x) (21)

If initially we know the wavefunction to be even or odd, ψ(−x) = ±ψ(x), then the above equation means
that this is an eigenfunction of the parity operator. However, the state |p〉 does not have a definite
parity because in general it will not be proportional to itself after parity transformation. Suppose we are
considering a eigenstate of the orbital angular momentum operator labelled by |n, l,m〉 then we have

Π̂ |n, l,m〉 = (−1)l |n, l,m〉 (22)

This is because L and Π̂ commute, so they can have simultaneous eigenstates. The above relation can be
checked directly using the spherical harmonic function representation of the angular momentum eigenstates,
and the effect of the parity operation is

r → r, θ → π − θ, ϕ→ ϕ+ π (23)

And the fact that L+ and L− commute with Π̂ means that the parity does not depend on the quantum
number m.

Next time we will show that if H and Π̂ commute and if |n〉 is non-degenerate then |n〉 has definite
parity.

4



Quantum Mechanics II

Prof. Boris Altschuler

January 24, 2011

1 Lecture 2

1.1 Parity Continued

Remember symmetry means that there is some generator that commutes with the Hamiltonian

[H, S] = 0 (1)

We also mentioned that symmetries will introduce degeneracies of quantum states. It is not necessary that
all symmetries give degeneracy, for example in harmonic oscillator potential, there is always the parity
symmetry, but there is no degenerate odd and even states.

Remember we have continuous and discrete symmetries. Last time we started a somewhat detailed
discussion of parity symmetry. Remember it is just the operation of inverting all of the spatial axes.
x → −x. We denote the quantum mechanical operator as Π̂. It was shown that this operator is both
unitary and hermitian

Π̂† = Π̂−1 = Π̂ (2)

This constraints the eigenvalues of the operator to be ±1. By its definition we saw that parity operator
anticommutes with the position and momentum operators and commutes with the angular momentum
operator {

Π̂,x
}

= 0,
{

Π̂,p
}

= 0,
[
Π̂,J

]
= 0 (3)

We call the vectors that anticommute with parity polar vectors, and those commuting with parity pseu-
dovectors. Similarly we call operators that commute with Π̂ scalars and operators anticommuting with Π̂
pseudoscalars.

We call quantum states odd or even if their wavefunctions satisfy

ψ(−x) = ±ψ(x) (4)

And remember Y m
` has parity (−1)`. Suppose we have a Hamiltonian that commutes with the parity

operator, and the energy eigenstate |n〉 is nondegenerate, then |n〉 is also an eigenstate of Π̂. The proof
is quite straightforward. Because Π̂2 = 1, we can see obviously that 1

2(1 ± Π̂) |n〉 is an eigenstate of the
parity operator

Π̂
1

2

(
1± Π̂

)
|n〉 =

1

2

(
Π̂± Π̂2

)
|n〉 = ±1

2

(
1± Π̂

)
|n〉 (5)

Because the parity operator commutes with the Hamiltonian, the above two states, by construction are
also energy eigenstates with energy En. But by assumption we know that the energy spectrum is non-
degenerate, so one of the above states must be zero, the other proportional to |n〉. This proves that the
state |n〉 is an eigenstate of the parity operator.
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1.2 Examples

Let’s see some examples. Consider simple harmonic oscillator, where we know that [H, Π̂] = 0, since x2

and p2 are scalars. We know the energy eigenstates to be

|0〉 , |n〉 =
1√
n!

(â†)n |0〉 (6)

We know that the ground state is a gaussian, therefore even. We can also get this fact by a simple argument.
Remember the ground state is defined by â |0〉 = 0, and that both â and â† are linear combinations of x̂
and p̂, so both of them should anticommute with the parity operator. Now if we operate â on the wave
function ψ0(x) = 〈x|0〉 then we will get a differential equation which tells us that the wavefunction is even.
For the excited states we can use the anticommutation relation

Π̂ |1〉 = Π̂â† |0〉 = −â†Π̂ |0〉 = − |1〉 (7)

Now let’s consider a symmetric double well potential. For simplicity we consider finite square wells.
Because it is a 1D problem we know that the energy eigenstates all have even or odd parity. If we call the
even state |S〉 and the odd state |A〉, then we have

Π̂ |S〉 = |S〉 , Π̂ |A〉 = − |A〉 (8)

and that ES < EA. This can be seen when we take the barrier in the middle to zero, then the well becomes
a infinite square well, where the antisymmetric state is the excited state. If we take the barrier to be
infinitely large, then the two states are degenerate. We can define the left and right states by taking the
symmetric and antisymmetric combinations of the two states, and these are not parity eigenstates

|L〉 =
1√
2

(|S〉 − |A〉) , |R〉 =
1√
2

(|S〉+ |A〉) (9)

Now let’s consider time evolution and take the initial state to be |α, t = 0〉 = |L〉, then the subsequent
states will become

|α, t > 0〉 =
1√
2

(
e−iESt/~ |S〉 − e−iEAt/~ |A〉

)
∝ |S〉 − e−iωt |A〉 (10)

So if ES 6= EA then we have tunnelling between the two states and the oscillation frequency between the
two is ω = (EA − ES)/~.

A concrete example of this comes from organic molecules, for example NH3. If we take the hydrogen
atoms to be in the same plane, then the nitrogen atom can be either above or below the plane. Because
there is some energy difference between them, these will oscillate with frequency ω = 24 MHz.

Recall our discussion of tunnelling using the WKB approximation. When the well is symmetric and
barrier is very large, then the probability for tunnelling will be exponentially small, and the energy difference
EA − ES will also be exponentially small.

Suppose now we have an asymmetric double well. If we neglect tunnelling, we can use |L〉 and |R〉 as
a basis with energies εL and εR. Any state can be written as

|α〉 = cL |L〉+ cR |R〉 (11)
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Now we want to account for tunnelling effects. We modify our Hamiltonian to have a slight off-diagonal
perturbation 〈L|H|R〉 = I. It is easy to diagonalize this 2× 2 Hamiltonian

E2 − (εL + εR)E + (εLεR − |I|2) = 0 (12)

with energies

E =
εL + εR

2
±
√

(εL − εR)2

4
+ |I|2 (13)

Now that we have the expression, let’s consider two limits. First consider |εL − εR| � I then the energies
are approximately

E = εL,R +O

(
I2

|εL − εR|2

)
(14)

On the other hand when |εL − εR| � I then the energies become

E =
εL + εR

2
± |I|+O

(
|εL − εR|2

I2

)
(15)

In both cases we always have E1 − E0 ≥ 2 |I|. So even if the energies εL and εR crosses at some point,
the above two states will never cross, and always separated by energy at least 2 |I|. This is called the
Wigner-von Neumann noncrossing rule.

Suppose we have a spin 1/2 particle in a magnetic field B = (Bx, Bz). The Hamiltonian is

H = 2µBB · S = 2µB (BxSx +BzSz) = ~µB
(
Bz Bx

Bx −Bz

)
(16)

If we compare this Hamiltonian with the one above for asymmetric double well, we find them to be the
same form. The correspondence is

|εL − εR| ←→ 2~µBBz, I ←→ ~µBBx (17)

The states are in 1-1 correspondence as the above case. We know that this corresponds to spin precession
around the magnetic field, which is in analogue with the oscillation between the two potential wells. These
two phenomena are mathematically the same.
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