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We reanalyze the usual classical derivation of spin-orbit coupling in hydrogenlike atoms. We point
out the presence of an additional force exerted on a spinning electron due to the appearance of its
electric dipole moment in the rest frame of the nucleus. This force has been ignored, although its
inclusion in the electron’s equation of motion influences the energy level of an orbiting electron on
an equal footing with other effects in the usual analysis of spin-orbit coupling. A fortuitous
cancellation between two terms leaves the overall energy level unaffected, which explains in part
why this effect has been overlooked. An account of this effect in the Bohr model produces the usual
expression for the spin-orbit coupling but with different radii of the electron’s orbit for different
spatial orientations of the electron’s spin. This result is in qualitative agreement with the solution of
the Dirac–Coulomb equation for hydrogenlike atoms. © 2010 American Association of Physics Teachers.
�DOI: 10.1119/1.3277052�
I. INTRODUCTION

The classical analysis of spin-orbit coupling in hydrogen-
like atoms by Thomas1 played an important role in support-
ing the hypothesis of electron spin as advanced by Uhlen-
beck and Goudsmit2 in 1925. The latter successfully
explained the multiplet structure of atom spectra and the
anomalous Zeeman effect based on an assumption about the
proper magnetic moment of the electron, which is associated
with the self-rotational motion of the electron �spin�. How-
ever, their prediction of a spin-orbit coupling in the hydrogen
atom was twice the measured value. This discrepancy was
removed by Thomas1 in 1926 by applying a classical relativ-
istic approach. He pointed out that successive Lorentz trans-
formations with noncollinear relative velocities entail an ad-
ditional spatial rotation of the coordinate axes of the
reference frames involved. In this way he showed that the
doublet separation due to spin-orbit coupling is half the value
derived by Uhlenbeck and Goudsmit2 �see Sec. II�. Later the
problem of spin-orbit interaction was solved by the relativ-
istic quantum electron theory of Dirac.3 Nonetheless, it is
comforting that this effect has a classical explanation espe-
cially because the account of Thomas precession in the spin-
orbit coupling of the hydrogen atom is often considered a
confirmation of special relativity,4,5 which is still of current
interest �see Ref. 6 and references therein and Ref. 7�.

However, there remain some missing points in the classi-
cal treatment of spin-orbit interaction. In particular, the ap-
plication of the equation of motion for a spinless particle
commonly adopted in such an analysis is incomplete because
the corrections to the energy of the electron have the same
order of magnitude as the spin-orbit splitting. Such a situa-
tion has a historical explanation: The classical electrodynam-
ics treatment of the motion of polarized particles in a non-
homogeneous electromagnetic field had been completed only

8
in the 1960s.
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In this paper we use the simplest version of the equation of
motion of a particle with spin. An unambiguous solution of
this equation of motion is obtained with a constraint given by
the second Bohr postulate. This solution shows that the cor-
rections to the energy of spin-orbit interaction, although sig-
nificant in magnitude, cancel fortuitously. This cancellation
yields the standard expression for the spin-orbit coupling but
also gives a correction to the radius of the electron’s orbit for
different spatial orientations of the electron’s spin �see Sec.
III�. This result is in qualitative agreement with the solution
of the Dirac–Coulomb equation for hydrogen–like atoms, for
which the radial part of the wave function depends on the
spin projection.

II. CLASSICAL APPROACH TO SPIN-ORBIT
INTERACTION

In this section we present the common classical approach
for deriving the energy of spin-orbit coupling following
Refs. 1 and 9 and their presentation in modern form10,11 and
indicate the missing points in this analysis.

In Refs. 1 and 9 the spin-orbit coupling was understood as
a perturbation to the energy of hydrogenlike atoms, and the
validity of the second Bohr postulate was tacitly implied.
The Bohr model assumes that the electron orbits the nucleus,
which is at rest in the laboratory frame K. In this frame the
equation of motion for the electron with rest mass m and
charge e is

d

dt
�mv� = −

Ze2r

r3 , �1�

where v is the velocity of the electron, and Ze is the charge
of the nucleus. Equation �1� yields the well known result

mv2 = Ze2/r , �2�
from which we can determine the total energy of the system,
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U =
mv2

2
−

Ze2

r
= −

Ze2

2r
. �3�

The radius of the electron’s orbit can be found by the addi-
tion of the second Bohr postulate to the purely classical treat-
ment,

r = n�/mv , �4�

where n in the principal quantum number and � is Planck’s
constant. We combine Eqs. �3� and �4� and obtain

U = − Ze2/2rn, �5�

where rn=n2rB and rB=�2 /mZe2 is the Bohr radius. Equation
�5� is well known and determines the gross structure of the
energy levels for hydrogenic atoms.

In the usual classical treatment of spin-orbit coupling, its
contribution is considered as a perturbation to the energy in
Eq. �5�, with the radius of the electron’s orbit fixed. Follow-
ing this approach, Thomas suggested writing the energy Us-o
of the spin-orbit coupling as the sum

Us-o = Up + UT, �6�

where Up is the additional potential energy of the magnetic
moment of the electron in an electromagnetic field. The term
UT was first found by Thomas and emerges due to the slow
precession of the electron’s spin �Thomas precession�. We
emphasize that both energy terms in Eq. �6� must be evalu-
ated in the same reference frame. Thomas started the analysis
in the electron rest frame Ke, wherein the apparent circular
motion of the nucleus induces the magnetic field

B =
�E � v�

c2 =
Ze

c2r3 �r � v� �7�

at the location of the electron �to accuracy c−2, where c is the
velocity of light in vacuum�. We combine Eqs. �1� and �7�
and obtain

B = −
1

ec
� d

dt
�mv� � v� . �8�

In agreement with the existence of the electron’s spin s, the
magnetic moment � of the electron takes the form

� =
ge

2m
s =

e

m
s , �9�

where we have set the g-factor equal to 2 and neglected the
small anomalous magnetic moment of the electron. Thus, in
the proper electron frame, the additional potential energy is
equal to

Up = − � · B , �10�

which causes the Larmor precession of the electron’s mag-
netic moment � with angular frequency

�e =
eB

mc
=

1

c2 �v � v̇� . �11�

The subscript e indicates that this angular frequency is mea-
sured in the electron rest frame.

Note that the energy of spin-orbit interaction calculated
with frequency �11� is twice the measured value. This con-
tradiction was removed by Thomas,1 who emphasized that
the frequency in Eq. �11� does not determine the measured

energy, because it was defined in the electron’s proper frame
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Ke. In the nucleus rest frame �laboratory frame K�, Thomas
found that the precession frequency is half of �e. To deter-
mine this result, Thomas used the definition of the angular
rotation frequency

� =
��t + dt� − ��t�

dt
=

d�

dt
�12�

�� is the rotation angle� and pointed out that the electron in
the hydrogen atom experiences an acceleration and its veloc-
ity varies with time. We can still apply special relativity by
introducing a set of instantaneously comoving Lorentz
frames of the electron Ke. Thomas noted that the angles ��t�
and ��t+dt� are measured in different Lorentz frames Ke�t�
and Ke�t+dt�, moving with a relative velocity in the radial
direction. Because successive Lorentz transformations
K→Ke�t�→Ke�t+dt� with noncollinear relative velocities
involve additional spatial rotations of the coordinate axes of
Ke�t+dt� with respect to the axes of K, the coordinate axes of
the rest frame of the electron rotate about the axes of the
laboratory frame K at the angular frequency1

�T = −
1

2c2 �v � v̇� , �13�

which is the Thomas precession frequency.
This approximate equation is valid within the accuracy of

the calculations, c−2. We add that many publications give
different expressions for the frequency of Thomas preces-
sion. In particular, a recent review6 presented ten expressions
for �T. The problem partially issues from the fact that vari-
ous authors use different inertial frames of observation �ei-
ther the frame comoving with the rotating particle or the
laboratory frame� but do not indicate explicitly the frame
chosen. In addition, we should be alert to the correct succes-
sion of transformations between different Lorentz frames be-
cause Lorentz transformations are not commutative. To avoid
these problems, which fall outside of the scope of this paper,
we restrict ourselves our calculations to the order �v /c�2 for
which all agree with the value of �T in Eq. �13�.

By analogy with Eqs. �10� and �11�, the energy associated
with the precession of the electron’s spin is

UT =
� · B

2
. �14�

The energy of spin-orbit coupling becomes �see Eqs. �6�,
�10�, and �14��

Us-o = Up + UT = −
� · B

2
, �15�

which agrees with experimental observations.
The meaning of Eq. �14� is clearer when we transform it to

the form6,9

UT = s · �T �16�

using Eqs. �7�, �9�, and �13�. Equation �16� describes the
change of kinetic energy of gyroscope s due to precession of
its axis with the angular frequency �T.

Soon after Thomas,1 Frenkel9 suggested another classical
approach to the derivation of spin-orbit coupling, where both
terms on the right-hand side of Eq. �6� are evaluated in the

laboratory frame K. He pointed out that due to the relativistic
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polarization of a moving electron in the laboratory reference
frame, it acquires the electric dipole moment9

p =
v � �

c2 . �17�

Equation �17� follows from the transformation of the
polarization-magnetization tensor11–13 and implies that a par-
ticle with the proper magnetic moment � exhibits the electric
dipole moment p in the frame of observation in which it
moves at the velocity v.

The additional potential energy of an electron in the elec-
tric field E of the stationary nucleus becomes

Up = − p · E , �18�

as evaluated in the laboratory frame. From Eq. �17� we ob-
tain

Up = −
v � �

c2 · E = −
E � v

c2 · � , �19�

where we have used the vector identity �a�b� ·c
= �c�a� ·b. We see via Eq. �7� that to the order �v /c�2, Eqs.
�10� and �18� for Up are equivalent. If we combine Eqs. �9�
and �19�, we further find that

Up = −
e

mc2 �E � v� · s . �20�

We again need to take into account the change of rota-
tional kinetic energy of the electron UT due to the Thomas
precession given by Eq. �16�. It is convenient to present it in
the form

UT = −
1

2c2s · �v � v̇� , �21�

where we have used Eq. �13�. In the laboratory frame the
acceleration of the electron is determined by its Coulomb
attraction to the nucleus, and v̇=−eE /m. The substitution of
this value into Eq. �21� yields

UT =
e

2mc2 �v � E� · s . �22�

If we substitute the Up from Eq. �20� and UT from Eq. �22�
into Eq. �6�, we obtain

Us-o = Up + UT = −
e

2mc2 �v � E� · s . �23�

By applying Eqs. �7� and �9�, we can check that Eqs. �15�
and �23� for the spin-orbit coupling are identical, as they
should be from the relativistic viewpoint.

Both ways of deriving Us-o suggested by Thomas1 and
Frenkel9 are given in most textbooks. However, there are
some missing points in the calculations that have not been
discussed. In particular, we mention that the nonrelativistic
equation of motion, Eq. �1�, continues to be applied in the
analysis of spin-orbit splitting, which involves the relativistic
effect �Thomas precession�. This logical inconsistency is not
usually mentioned because the replacement of the rest mass
of electron m by �m �� being the Lorentz factor� does not

2
affect the value of spin-orbit splitting to the order �v /c� .
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However, there is another inconsistency in the analysis by
Thomas and Frenkel, which cannot be ignored a priori. This
inconsistency appears in the definition of the energy of spin-
orbit coupling Us-o. Equation �6� is incomplete because it
lacks an energy term, with the same order of magnitude as
Up and UT. Such a term derives from the relativistic polar-
ization of the moving electron in the laboratory reference
frame Eq. �17�, which implies the appearance of an addi-
tional force �p ·��E on the orbiting electron. This force has
to be included in Eq. �1�. The modified equation of motion
requires the sum of kinetic and potential energy of the orbit-
ing electron U� to be shifted by a value �U in comparison
with energy �5� derived from Eq. �1�,

�U = U� − U , �24�

where �U depends on p. Thus the correct definition of the
total energy of spin-orbit coupling is

Us-o = Up + UT + �U�p� . �25�

Each of the energy terms on the right-hand side of Eq. �25�
should be evaluated in the same Lorentz frame. To determine
�U�p� it is convenient to choose the laboratory frame of
reference; Up and UT have already been found in forms �19�
and �22�, respectively.

III. SPIN-ORBIT COUPLING WITH THE EQUATION
OF MOTION FOR A POLARIZED PARTICLE

We determine the energy �U�p� with the modified equa-
tion of motion of the electron

d

dt
�mv� = −

Ze2r

r3 + �p · ��
Zer

r3 �26�

in the rest frame of the nucleus �laboratory frame�. In Eq.
�26� we have used the electron rest mass m for simplicity. We
can show that the substitution m→�m in Eq. �26� makes the
analysis more complicated but does not change the spin-orbit
splitting to the order �v /c�2. This result is consistent with the
solution of the Dirac–Coulomb equation, where the presence
of the factor � in the relativistic momentum of the electron
produces a relativistic shift of the energy levels without in-
fluencing the spin-orbit splitting.14

The vector p is orthogonal to v �see Eq. �17�� and the
second term on the right-hand side of Eq. �26� is a maximum
when p is in the radial direction, that is, p= pr /r with either
positive or negative value of p. This behavior implies that the
spin s is orthogonal to the rotation plane. Hence
�p ·��Zer /r3=−��2�p ·E�r� /r2�=−�2pZer /r4�, and Eq. �26�
becomes

d

dt
�mv� = −

Ze2r

r3 −
2pZer

r4 . �27�

Equation �27� defines the circular motion of an electron
around the nucleus, which yields

mv2 =
Ze2

r
+

2pZe

r2 . �28�

Therefore, the sum of the kinetic energy of the orbiting elec-
tron and the Coulomb potential energy of the electron plus

the nucleus becomes
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U� =
mv2

2
−

Ze2

r
= −

Ze2

2r
+

pZe

r2 . �29�

According to definition �24� for �U�p�, the latter is equal
to

�U�p� = U� − U =
Ze2

2rn
−

Ze2

2r
+

pZe

r2 , �30�

where we have used Eq. �5�.
Further unambiguous determination of �U�p� is impos-

sible within a purely classical approach because there are
two vector variables v and r for the single vector equation of
motion �26�. Thus we are free, for example, to set r=rn with-
out violating Eq. �26�. Alternatively, we can equate the or-
bital velocities v in Eqs. �1� and �26�. We can easily check
that both these choices yield the energy of spin-orbit cou-
pling in disagreement with Eq. �23� and with experiment.

To remove this ambiguity we adopt the second Bohr pos-
tulate for the allowed stationary orbits of the electron. Hence,
the variables r and v in Eq. �26� obey constraint �4�. If we
combine the expression for the modified kinetic energy of
the electron, Eq. �28�, with Eq. �4�, we obtain a new set of
stationary electron orbit radii,

r = n2rB − 2p/e . �31�

We substitute this equality into Eq. �30� and find

�U�p� =
Ze2

2n2rB
−

Ze2

2n2rB�1 – 2p/en2rB�
+

pZe

r2 . �32�

To the order �v /c�2 we have

Ze2

2n2rB�1 – 2p/en2rB�
=

Ze2

2n2rB
�1 +

2p

en2rB
�

=
Ze2

2n2rB
+

pZe

�n2rB�2 �33�

and

pZe

r2 =
pZe

n4rB
2 . �34�

Hence we obtain the additional energy

�U�p� = 0 �35�

to the order �v /c�2. We can show that Eq. �35�, which was
derived for the radial orientation of the electric dipole mo-
ment p, holds for any other spatial orientation.

If we proceed from equality �35� and the old Eq. �6� or the
new Eq. �25�, we find identical results for the energy of
spin-orbit coupling. However, the vanishing of �U�p� occurs
only at values of the radii of the stationary electron orbits in
Eq. �31�, which are different for two opposite spatial orien-
tations of electron spin, determined by either the positive or
negative value of p.

We can express the radius of the stationary orbit through
the projection of the electron’s spin �s on the rotational axis.
From Eqs. �4�, �9�, and �17� we obtain

r� = n2rB�1 �
s

�

�Z��2

n3 � , �36�

where the sign ��� indicates the corresponding projection of

s and � is the fine structure constant. Equation �36� shows
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that the relative change of the radius of the electron orbit for
different signs of s is proportional to �Z��2. This change
agrees qualitatively with the solution of the Dirac–Coulomb
equation, which shows that the value of the maximum of the
radial part of the wave function is sensitive to the electron’s
spin through the quantum number of the total angular mo-
mentum j, and the relative variation of this value has the
order of magnitude �Z��2 �see, for example, Ref. 14�.

IV. CONCLUSION

We have summarized the approaches to the classical deri-
vation of the spin-orbit coupling in hydrogenic atoms sug-
gested by Thomas1 and Frenkel9 and showed that both ap-
proaches systematically ignore the additional force acting
between the electron and nucleus due to the relativistic po-
larization of the orbiting electron. This force causes the ap-
pearance of the additional energy term �U�p� in Eq. �25� for
the energy of spin-orbit coupling. The value of �U�p� cannot
be determined unambiguously within a purely classical ap-
proach. The additional constraint given by the second Bohr
postulate yields the equality �U�p�=0 and recovers the usual
expression �23� for the spin-orbit coupling at least to the
order �v /c�2. The vanishing of �U�p� occurs due to the
proper variation of the radius of the electron’s orbit as a
function of the spatial orientation of s �see Eq. �36��. This
result agrees qualitatively with the solution of the Dirac–
Coulomb equation, where the positions of the maximum of
the radial part of the electron’s wave function differ from
each other for different values of the quantum number j and
the relative variation of the position of the maximum has the
same order of magnitude �Z��2, as in the semiclassical ex-
pression �36�. Such an extension of a Bohr atom model can
also serve as a semiclassical explanation of the Pauli prin-
ciple: Two electrons with different orientations of spin oc-
cupy two different suborbits.
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Capillary Rise Demonstrator. The vertical rise of a liquid in a narrow glass tube is inversely proportional to the
diameter of the tube. This apparatus has capillary tubes with internal diameters ranging from 0.5 mm to 3 mm. It was
in the Welch Scientific Company catalogue as early as 1922. In 1928 its price was $2.00; five years later, during the
Great Depression, the price had fallen to $1.50. In a recent end-of-the-year demonstration lecture I used a video
system to make the device, which has tubes only 11 cm high, large enough for a big audience to see the effect. Shadow
projection, using a bright point source, ought to work well. �Photograph and Notes by Thomas B. Greenslade, Jr.,
Kenyon College�
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