
Interferometric spectrum analyzer

A. Vander Lugt

Dynamic range is a key performance parameter for spectrum analyzers. The dynamic range of a Bragg cell
power spectrum analyzer is generally limited by the dynamic range of self-scanned photodetector arrays.
Interferometric techniques can be used to increase the dynamic range; but it is at the expense of increasing
the number of photodetectors required, when the interference is introduced in the spatial domain, or a large
photodetector bandwidth, when the interference is introduced in the temporal domain. In this paper we
describe an interferometric approach wherein a second Bragg cell generates a spatially modulated reference
waveform to produce an interference term that has a constant temporal frequency for all spatial frequencies.
The advantages of this approach are lower photodetector bandwidth, improved dynamic range, improved
cross talk suppression, more efficient use of the Bragg cell time-bandwidth product, immunity to scattered
noise, and improved short pulse detectability. The chief disadvantage is the need for a discrete element
photodetector array; when such arrays become available in hybrid or integrated packages, an additional ad-
vantage will be that of parallel postdetection processing.

1. Introduction

Optical processing techniques can be used to produce
the instantaneous spectrum of wide bandwidth signals.
Lambert' described how acoustooptic Bragg cells can
be used to convert an electrical waveform f(t) to an
optical waveform that is a function of both space and
time. If the cell is coherently illuminated, the optical
system displays the Fourier transform of that segment
of the waveform present within the cell. The complex
valued Fourier transform can be described as

rt -
FT(,t) = J T f(u) exp(-jcou) du, (1)

where T is the processing time of the cell and X is a
temporal radian frequency. Generally, FT(oWt) is called
the instantaneous spectrum of the input waveform f(it);
we note that it is a function of the present time t as well
as a segment of its past history.

A photodetector array at the Fourier plane senses the
instantaneous energy spectrum FT(ct) 1

2
; such a sys-

tem is generally called a power spectrum analyzer. A
key performance parameter of any spectrum analyzer
is the achievable dynamic range which is a function of
the laser power, the dynamic ranges available from the
Bragg cell and the photodetector array, the time-
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bandwidth product, and the overall efficiency of the
system. Power spectrum analyzers that use self-
scanned photodetector arrays are generally limited to
a 25-35-dB dynamic range due to the squaring opera-
tion on FT(w,t) and the inherent dynamic range limi-
tation of the array. As the photodetector dynamic
range improves, the laser power is the next important
limitation to achieving a large dynamic range since
Bragg cells have been developed having very large dy-
namic ranges.

One method for increasing the dynamic range is to use
an interferometric spectrum analyzer whose output is
proportional to the instantaneous magnitude spectrum
IFT(w,t)1. King et a. 2 describe heterodyning tech-
niques for recovering both the amplitude and phase
information in a light distribution. In their system the
interference of an unmodulated reference beam with
FT(o,t) produces a temporal frequency proportional to
the input signal frequency o. Since the fractional
bandwidth of the input signal is usually -50%, centered
on a frequency of several hundred megahertz, the in-
terference term occurs at a rather high frequency that
varies as a function of the spatial frequency.

In this paper, I describe an interferometric spectrum
analyzer in which a spatially modulated reference beam
is used to reduce the temporal interference frequency
to a small and fixed value over the entire spectrum.
Discrete element photodetectors having a small band-
width and a low noise equivalent power can then be
used; an additional benefit of discrete detectors is that
the postprocessing operations are more flexible and can
be performed in parallel to reduce the output data
rate.
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Fig. 1. Interferometric spectrum analyzer.

Self-scanned arrays cannot be used with this tech-
nique because they integrate over a time period large
compared with 27r/w, and the information contained in
the interferometric output is lost. Turpin3 and Bader4

describe interferometric spectrum analyzers which
produce a spatial fringe structure instead of a temporal
fringe structure; self-scanned arrays can be used in such
systems, but the number of elements must be increased
to resolve the spatial fringes. Although discrete pho-
todetectors are not the most elegant for use in systems
having a large time-bandwidth product, fairly large
arrays have been implemented,5 and advanced photo-
detector fabrication techniques6 may produce inte-
grated devices having attractive operational features.

Some additional advantages of interferometric
spectrum analysis are improved cross talk rejection,
immunity to scatter noise, short pulse detectability, and
uninterrupted evaluation of the spectrum. In Sec. II
we describe the basic theory of the interferometric
spectrum analyzer and establish the required charac-
teristics of the reference beam. In Sec. III we determine
the photodetector geometry and postdetection band-
width required to achieve a given frequency resolution.
In Sec. IV we analyze and compare the performance of
candidate reference-beam waveforms. In Sec. V we
compare the laser power required and the dynamic
range obtained by this interferometric method with
those of a power spectrum analyzer.

II. Basic Theory

Consider the interferometric system shown in Fig. 1;
this system does not suggest how a practical spectrum
analyzer would be configured but is used to explain the
theory of operation. The two Bragg cells are illumi-
nated by a collimated source of monochromatic light at
the Bragg angle. The signal waveform f(t) is applied
to the transducer of the Bragg cell located in the lower
leg of the interferometer at plane P1 . Lens L2 produces
the Fourier transform of the complex light amplitude
a (x,t) leaving the cell; for a low modulation index we
have a series expansion for the signal given by

a1(x,t) = A111 + jm 1 f(t - xlv) cos[fw(t - xv)] + H.O.T.}, (2)

where m1 is the modulation index, v is the velocity of the
acoustic wave within the cell, and wc is the center fre-
quency of the applied rf signal. The higher order terms
can generally be neglected if the fractional bandwidth
is <50%. Further, we are usually interested in only the
positive diffracted order so that the constant as well as

the negative diffracted order, which is highly suppressed
by the Bragg mode of operation, can be ignored. A
fraction ar of the laser power P is directed into the signal
beam so that the amplitude factor Al is equal to (P/
L)1 2, where L is the length of the cell. The effects of
weighted illumination and optical losses will be con-
sidered later.

The amplitude light distribution for the first dif-
fracted order, if we ignore a time delay T/2, is

Ai(pt) = jm 1A1 f f(t - x/v) expUwc(t - xlv)] exp(-jpx)dx,

(3)

where p is a radian spatial frequency variable related
to a physical distance t in plane P2 by p 274/XF, X is
the wavelength of the source, and F is the focal length
of lens L2. Through a change of variables, we can re-
write Eq. (3) as

A1(p,t) = -jvniA1 exp(-jpvt) fJ f(u) exptjuv(p - p)]du

(4)

The integral portion of Eq. (4) is similar to Eq. (1) ex-
cept that it is centered at a position corresponding to pc
in plane P2, and the limits of integration are slightly
different because we ignored a time delay equal to T/2
in the representation given by Eq. (2). The exponential
phase factor shows that the light frequency is shifted
linearly as a function of p. Since pv = w, the light dif-
fracted by any continuous waveform has the same
temporal frequency as the signal component.

Suppose that the input signal waveform has a cw
component of frequency Cok and amplitude Ck. The
light distribution in plane P2 can then be calculated
from either Eq. (3) or (4):

Al(p,t) = jmlAlLCk exp(jskt) sinc[(p - pk)L/27r], (5)

which reveals that the spectrum of a sinusoidal input
is a (sin7rx)/rx function, centered at ph, whose ampli-
tude is proportional to Ch. The entire function (in-
cluding the sidelobes) is multiplied by a phasor of fre-
quency cea. Equation (5) further shows that the fre-
quency resolution is 2 rv/L if we use the Rayleigh cri-
terion for resolution. We will use the function Al(p,t)
as given by Eq. (5) extensively in subsequent analyses;
first, however, we consider the spectrum of short pulses
whose duration may be less than or equal to the pro-
cessing time of the cell.

Consider the case of a pulse having a duration To less
than or equal to T and having a carrier frequency wk.
Let the time of arrival be at t = 0; at some later time t,
the leading edge of the pulse will have moved to a po-
sition- 1/2L + vt. Consider the output for the time in-
terval 0 < t < To so that the trailing edge of the pulse
has not yet entered the cell; we have that

-L/2+,t
AI(p,t) = jmAl J-LI expH-0k(t - xlv - T/2)]

X exp(-jpx)dx, (6)

where we have now included the delay factor T/2 in the
integral. After a change of variables, we find that
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Al(p,t) = jmiAlvt exp(jpL/2) exp[-j(p + pk)vt/2
X sincl(p - pjut/2i-l. (7)

This result shows that the spectrum of the pulse is
centered at Pk and that as t increases, the amplitude of
the sine function increases while its width decreases.
We are particularly interested in the temporal fre-
quency behavior of this function. Note that at pa, the
centroid of the sinc function, the temporal frequency
is wh which is the frequency of the carrier. In contrast
to the case of a cw signal, however, the sidelobes of the
sine function have a frequency (p + pk)v/2ir which
varies continuously as p varies. In particular, note that
at some spatial frequency ph + Ap, the temporal fre-
quency is twh + Aw/2.

The last situation we consider is that of a pulse whose
leading and trailing edges are both within the aperture
of the Bragg cell. Let t = 0 be the time at which the
trailing edge of the pulse has just entered the cell; then,
for 0 < t < (T- To), we have

-L/2+ vt+vTo
Al(p,t) = jm 1A1 

) exp[-jcJk(t - xlv - T/2)]
X exp(-jpx)dx

= jm1A 1vTo expfp(L - vTo)12]

x exp(jpkuTo/2) exp(-jpvt)
x sinc[(p - ph)vTO/27r]. (8)

We see that the sinc function has an amplitude and a
width that are determined by vT0 ; both are independent
of time. As before, the temporal frequency at pk is wh.
The frequency of the sidelobes at some spatial fre-
quency p = ph + Ap is equal to wok + Atw.

We can now summarize the three cases discussed so
far. In each case, the temporal frequency at the cen-
troid of the sinc function is co. At some incremental
spatial frequency Ap away from the centroid, we find
that the temporal frequency of the sidelobes differs
from that at the centroid by zero for the case of a cw
signal (or a very long pulse), by Ac/2 for a pulse with
only its leading edge in the aperture, or by Aw for a pulse
with both leading and trailing edges within the aperture.
The explanation for this phenomenon is that in the first
case neither edge defining the pulse moves in time since
it is the aperture of the Bragg cell that determines the
signal length. In the second case one edge moves, but
the other is stationary; in the third case, both edges
move at the same velocity. The temporal frequencies
in the sidelobe structure, then, contain the information
about where the centroid of the pulse is located within
the Bragg cell. For example, if we collect the terms in
p from Eq. (8), we have a term

0(p,t) = expl-jp(-L/2 + ut + vTo/2)l, (9)

which shows that the centroid of the pulse is at -L/2 +
vt + uTo/2; the centroid moves at the velocity of the
acoustic wave. The residual phase term in Eq. (8) is
then exp(jpuTO/2) which is a constant; the argument
PhvTo/2 is equal to one half the number of carrier cycles
contained in the pulse. A similar calculation for the
case of a pulse with only the leading edge in the aperture

is obtained from Eq. (7) which shows that the centroid
of the pulse, located at -L/2 + ut/2, is moving at one
half the acoustic velocity. The number of cycles in the
pulse is phUt/2 which increases as the effective pulse
width increases. For a very long pulse the centroid is
fixed at the optical axis and the number of cycles in the
pulse is fixed at phvT/2W = phL/2W.

We now turn our attention to the question of gener-
ating a reference beam that will produce an interfero-
metric fringe structure having a fixed temporal variation
at all spatial frequencies. A spatially modulated ref-
erence beam will produce a fixed offset frequency be-
cause the light distribution at the Fourier plane will
have a temporal and spatial frequency relationship
similar to that of the signal spectrum. The reference
distribution must, however, be displaced in plane P2
relative to the signal spectrum so that the spatial dis-
placement does not affect the temporal frequency dis-
tribution. The spatial displacement can be achieved
by rotating the combining beam splitter through a small
angle or by placing a prism immediately after the ref-
erence-beam Bragg cell. In either case, the reference-
beam waveform at plane P 2 will be displaced to produce
a fixed frequency offset over the entire spectrum as we
shall now show.

We denote the bandwidth of the Bragg cell by W so
that the time-bandwidth product is TW. We begin by
choosing a reference-beam waveform that is a pulse of
unit amplitude and length L/TW. Such a signal is
equivalent to one resolution element at the plane of the
Bragg cell. The Fourier transform of this narrow pulse
can be obtained directly from Eq. (8) if we replace oTD
by L/TW and replace p by p + Pd, where Pd represents
the small displacement between the reference and signal
beams at plane P2. The reference-beam distribution
in plane P2 then becomes

A2(p,t) = TW exp(jp) exp[-j(p + pd)vtl
TW

X sinc[(p + Pd - ,)L/2irTWl, (10)

where 0 is a phase term that is not a function of time and
Pc is the same center frequency as that used in the signal
beam Bragg cell. The envelope of the reference beam
is not, of course, constant in p as we desire, but is a sine
function that is a factor of TW broader than the signal
distribution. For the moment, we shall assume that the
reference beam is constant over the frequency band.

The intensity at plane P2 is given by the squared
magnitude of the sum of the signal and reference-beam
distributions:
I(p,t) = IAI(pt) + A 2 (pt)1 2 (11)

= JAI(p,t)12 + IA2(P,t)I2 + 2 Re[Ai(p,t)A2(p,t), (12)

where * denotes complex conjugate. Each photode-
tector will integrate light over an interval Pk - Ap to
ph + Ap, where ph denotes the center position and 2Ap
the width of the photodetector. Let d be one half the
ratio of the width of the photodetector to the spacing
between the photodetectors so that Ap = 27r/L. The
integrated intensity for the first term of Eq. (12) is
calculated by using Eq. (5):
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lIPk+ 
Q 2L =-J 2- IA0pt)IAdp = 2fmiALC', (13)

which is valid for 3 ' 0.4. The integrated intensity for
the second term of Eq. (12) is obtained from Eq. (10):

lrph+A
Q2 = 2 "V I 1A 2(p,t)I2 dp = 2 A3m2 AL/(TW)2. (14)

The contribution to the output from the third term of
Eq. (12) is obtained by combining Eqs. (5) and (10):

Q3(0= 27r JS~ a 2 Re[A(p,t)A2(p,t)]dp

4/3m1m 2A 1A 2 L Ca cos(pdut - I) (15)
TW

We see that the third term is proportional to the
magnitude of the signal multiplied by a constant tem-
poral offset frequency pdU = cod which can be set at a
convenient value. This term can, therefore, be sepa-
rated from the signal and reference-beam bias terms,
as given by Eqs. (13) and (14), by postdetection filtering.
Since Q3 (t) is not a function of Ph, the same temporal
frequency offset is provided by the reference beam for
any input signal. The reference beam, in this sense, is
a distributed local oscillator whose temporal frequency
can be changed by a simple geometric adjustment.

The total optical power collected by a photodetector
is the sum of Eqs. (13), (14), and (15). When the optical
power is multiplied by the photodetector sensitivity S,
expressed in A/W, and we account for the optical ef-
ficiencies of the signal and reference beams (e, and Er),
we find that the photodetector output current is

i(t) = i + i2 + i3 (t)

= 2/3mlAIELSCI + 2 m cAierLS/(TWP

+4mlm2A1A2 f LS
TW Ck COS(wdt + 1). (16)

Each photodetector in the Fourier plane produces a
signal similar to i (t) except that the value of Ch will vary
depending on the strength of that frequency component
in the input signal. Because the output current is
proportional to Ch instead of Ch 1 2, as it would be for
a power spectrum analyzer, the improvement in dy-
namic range is significant. We now consider the factors
that determine the value of the parameter associated
with the photodetector geometry and postdetection
bandwidth.

III. Photodetector Geometry and Bandwidth

In Fig. 2 we show the light distribution in the Fourier
plane caused by two cw signals that are just resolved by
the Rayleigh criterion. For sake of clarity, only the
central lobe of the sinc functions as given by Eq. (5) are
shown; we can also represent the signals by sinc(fT)
which show that the signals are separated by 1T Hz.
The reference beam is shown as a uniform amplitude
light distribution whose temporal frequency is offset by
a fixed amount from that of the central frequency of the
sinc(fT) functions. That is, if f is the temporal fre-
quency of a cw signal, the reference-beam frequency at
the centroid is fr = f + d, where /d = PdV/2W.

If we have R photodetectors per resolvable frequency,
the center spacing is 1/RT, and, if the duty cycle is 0 <
d < 1, the width of each photodetector is dIRT. Sup-
pose that the postdetection bandwidth is a rectangular
function of width bIT centered at fd. The effect of the
postdetection bandwidth is to accept light if the dif-
ference frequency between the cw signal and the refer-
ence beam falls within the bandpass and to reject it
otherwise. As an example, suppose that the cw signal
has a frequency of 300 MHz and that the reference-
beam frequency is adjusted geometrically so that it is
310 MHz. The interference beat frequency will then
be fd = 10 MHz, and the narrowband postdetection
filter will accept all the light near the centroid of the sinc
function associated with the signal. As noted in Sec.
II, the entire sine function oscillates at a temporal fre-
quency of 300 MHz so that, as we move the photode-
tector away from the 300-MHz position, we continue to
collect light until the difference between the reference
and signal frequency exceeds fd ± b/2T. For example,
if the frequency resolution of the system is 1T = 3 MHz
and if b is chosen to be 1, we find that when the photo-
detector is placed at a position corresponding to 301.5
MHz (or 298.5 MHz), the output of the narrowband
filter rapidly falls to a low value.

The narrowband filter is therefore highly effective in
reducing cross talk in the spectrum analyzer. The
sidelobe levels decay rather slowly so that, in the ab-
sence of filtering, they contribute to an erroneous
measurement of the true signal levels at nearby
frequencies. Since the filter can suppress out-of-band
signals by 30-40 dB in addition to the inherent roll-off
of the sidelobes, it is not necessary to control the side-
lobe levels by input aperture weighting.

The postdetection filtering does not, however, pre-
vent the detection of narrow pulses. In Sec. II we
showed that the spectrum of a pulse whose duration is
<<T is a sinc function whose sidelobes oscillate at a
frequency proportional to their distance from the cen-
troid. The interference frequency is therefore fixed
over a large spatial range so that any photodetector
within the sinc function envelope will respond with the
proper output. This result can be seen by noting that
Eq. (8) contains a term exp(-jpvt) that, when multi-
plied by the term exp[+j(p + pd)vtj from the reference
beam as given by Eq. (10), produces a fixed interference
frequency.

A second benefit of narrowband filtering is in re-
solving two signals closely spaced in frequency. As
shown in Fig. 2, two received signals spaced by 1T Hz

T b REFERENCE BEAM
MAGNITUDE

T -r r T r r rT T FEEQEENCR
DISCRETE/ KI

PHOTODETECTOR --. PIR-
ELEMENT FT RT

Fig. 2. Reference and signal beam distribution in the Fourier plane
for two cw signals.
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may occur at any position relative to a set of photode-
tector elements. We must ensure that the response
from a photodetector is sufficiently high when it is
sampling the light at the centroid of any sine function
to provide accuracy and sufficiently low at the midpoint
between sine functions to provide resolution. Since the
received signals may occur at any position relative to the
photodetectors, we must find a way to relate the number
of photodetectors per frequency, the spatial duty cycle,
and the postdetection bandwidth to the required dip
between resolvable frequencies.

The first step is to determine the response of a fixed
photodetector to a cw signal as a function of its fre-
quency. The output of the photodetector will be the
convolution of a sinc(fT) function with the rectangular
function of width dIRT (representing the photodetec-
tor), followed by a multiplication with the bandpass
filter function. The postdetection filter function is
approximated by a uniform response for If I b/2T and
a linearly decreasing response from If I = b/2T to If I =
q/2T as shown in Fig. 3. This function is, aside from
passband and stop-band ripple, similar to that produced
by an elliptic filter. Since the convolution is nearly
constant over the defined range of frequencies, the net
result can be represented by

C(f) = dIRT; O < I < b/2T,

d 2d
=RT R - b) 2d b/2T); b/2T < If I < q/2T, q b,

= ; f q/2T. (17)

The smallest dip between two frequencies occurs when
the midpoint between the frequencies falls between two
photodetectors. This condition is shown in Fig. 4 where
we show C(f) centered at the positions corresponding
to two resolvable frequencies. Since we have already
accounted for the convolutional effects introduced by
photodetectors having a finite size, we can now deter-
mine the response from a given photodetector by using
the value of C(f) at a point corresponding to the center
of the photodetector. The output of the photodetector
nearest the center of C(f) is equal to C(fo). The largest
possible value of Ifol is 1/2RT, and we require that the
output be constant for any frequency less than Ifo I. By
referring to Fig. 3, we see that this condition is satisfied
if

R s 1/b. (18)

The outputs from the two photodetectors symmet-
rically positioned about the midpoint are equal and have
values given by C(f1 ). The second relationship can then
be obtained by requiring that

C(fl) hC(fo), (19)

where 0 < h < 1 is the desired dip between the two
frequencies. Since [, = 1/2T - 1/2RT, we use Eqs. (17)
and (19) to obtain the relationship that

IR > ~~~~~~~~~~(20)
1 - q(1 - h) - hb

The inequalities as given by Eqs. (18) and (20) must
be satisfied to achieve a given dip between frequencies

Fig. 3. Convolution of a sinc(tT) function and a photodetector of
width dIRT.

+ + *A r 

{01 = ~RT|
- W I -

Fig. 4. Worst-case signal position relative to the photodetectors for
resolving two frequencies.

as well as to ensure that the magnitudes of the
frequencies are accurately measured. In the limit as the
slope of the filter becomes very high, we have that q =
b and Eq. (20) reduces to R > 1/(1 - b). If Eq. (18) is
also satisfied, we find that R = 2,is the minimum num-
ber of photodetectors per resolvable frequency.

For h = 0.5, which corresponds to a 3-dB dip between
frequencies, Eq. (20) becomes

R-q12-b 2 (21)

Again, if we use the equality from Eq. (18), and let q =
2b, we have that b = 0.4 and R = 2.5.

One of the key advantages of using narrowband
postdetection filtering, then, is to provide the necessary
dip between cw signals with a number of photodetectors
per frequency that is close to the theoretical limit. The
natural dip between the two Rayleigh resolved
frequencies will vary from zero to 1.3 depending on the
relative phases of the two spectral components.
Equation (20) shows that a fixed dip of value h can be
achieved independently of the phase relationship
without increasing the length of the Bragg cell to sepa-
rate physically the spectral components.

We now calculate the relationship between R and the
Bragg cell length for a power spectrum analyzer.
Gaussian illumination is generally used to control the
sidelobe levels to meet the cross talk requirements.
This, in turn, causes a loss in resolution which must be
restored by increasing the Bragg cell length. We denote
the increased cell length by L1 so that the input aperture
illumination function, in terms of amplitude, is given
by
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a(x) = A1 exp(-4T2 x 2 IL2), (22)

where T1 is a truncation ratio whose value is chosen to
control the sidelobe level.7 The intensity response of
the system to a cw input frequency is then obtained by
squaring the Fourier transform of a(x):

I(p) expel-p2L 2/8T2). (23)

By following the same procedure as before, we find that
the convolution of I(p) with a small photodetector of
width dIRT yields a normalized result that is very close
to being Gaussian:

C () =exp_ 47r2L II} f2, (24)

where we have replaced pv with 2 rf. The worst-case
condition for resolving two frequencies occurs when the
midpoint between those frequencies lies at the midpoint
between two photodetectors. Since the intensities add,
the relationship that must be satisfied is

C(fh) + C(fi +TT < hC(fo), (25)

where A = (R -1)/2RT and the maximum value of fol
is 1/2RT as before. For a dip of h = 0.5 between
frequencies, we find that Eq. (25) is satisfied when

L = 0.76T 1LR/(R - 1). (26)

Suppose we set R = 2.5 for comparison purposes and set
T = 1.7 which ensures that the maximum sidelobe is
down by at least 40 dB. We then find that LI = 2.15L
which shows that the length of a Bragg cell used in a
power spectrum analyzer must be more than twice as
long as that required for an interferometric spectrum
analyzer. The impact of the larger aperture required
in a power spectrum analyzer is significant since the
increased length translates directly into the need for an
increased time-bandwidth product to achieve equiva-
lent performance.

Another advantage of the interferometric approach
is that any scattered noise caused by stationary ele-
ments in the system is rejected by the narrowband filter
because it does not interfere to produce in-band com-
ponents. This feature also causes the light distribution
at the optical axis to be rejected.

We conclude this section by calculating the value of
the parameter which is equal to one half of the ratio
of the width of the photodetector dIRT to the spacing
1T between resolvable frequencies. We choose d = 0.7,
which, for R = 2.5, gives a value for j3 equal to 0.14; this
value justifies several assumptions made in Sec. II in
connection with deriving Eq. (16).

IV. Reference Waveforms
In Sec. II we used a narrow pulse as the reference-

beam waveform to develop the basic theory of a fixed
offset frequency interferometric spectrum analyzer.
The narrow pulse approximates a delta function that
provides most of the desired properties of the reference
waveform in the Fourier plane which are that (1) the
amplitude should be uniform in spatial frequency; (2)
the spatial and temporal frequencies should be coupled

so that, with a geometric displacement of the reference
waveform, a fixed offset frequency is produced at each
photodetector location; (3) the amplitude should not be
a function of time; (4) the duty cycle should be high so
that short duration signals are not missed; and (5) the
light is efficiently used. The major drawback to the use
of a narrow pulse as the reference signal is that a fraction
of only 1ITW of the light at the Bragg cell is intercepted
by the pulse.

An equivalent way to generate a traveling pulse is to
use a chirp waveform to activate a Bragg cell situated
so that the focused beam scans across plane P3. If we
project the rays produced by a traveling impulse from
plane P3 toward the source, we find that the Bragg cell
must have a length equal to 2L, given that the chirp rate
is equal to the bandwidth of the signal divided by the
processing time T. The focal length of the chirp is then
equal to L 2/XTW, which is of the order of several meters
for typical values of these parameters. The advantages
of this approach are that sharply formed impulses are
produced at plane P3 and that the resultant reference
beam in the Fourier plane is a plane wave. The disad-
vantages are that a Bragg cell of twice the time-band-
width product is required and the length of the optical
system is excessive.

Another way to generate the reference beam is to
drive the Bragg cell in plane P3 with a chirp directly.8
Lens L2 then focuses the chirp at plane P4 so that, at the
Fourier plane, the expanding beam covers the signal
spectrum. The chirp waveform can be represented
by

r(t) = cos Wct + Wlt2

for a chirp of increasing frequency on a carrier c,. The
Fourier transform of the chirp, valid over the spatial
frequency range corresponding to the bandwidth of the
signal, is

A2(p,t) =jm2A2J exp -j + -(t--T-xiv)

X (t - T - x/v) exp[-j(p + pd)x]dx

J 2A2L -i) P + Pd)Vtl- ex vPIk XP[-jp+p)t
ITrW

X expv-jL (P + v d-LPe 2I 4W \P dCj (27)

where 2rW is the bandwidth of the rf signal and the
chirp rate is 27rW/T. We see that Eq. (27) is similar to
Eq. (10) but with two notable differences: (1) the am-
plitude is larger by TW, which increases the efficiency
of the system; and (2) the sinc function envelope is re-
placed by a Fresnel amplitude diffraction pattern.

Figure 5(a) shows the focused spot at plane P4 for the
instant in time when the Bragg cell is just filled with one
chirp function. At plane P2, the spatial extent of the
reference beam is equal to that of the signal spectrum;
the amplitude is uniform except near the edges of the
spectrum where the ripple effects of the Fresnel dif-
fraction pattern are evident. At a time T12 sec later,
the reference waveform consists of parts of two chirp
functions that produce two focused spots in plane P4 as
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Fig. 5. Chirp reference beam: (a) Bragg cell with one chirp segment,
and (b) Bragg cell with one half of two chirp segments.

shown in Fig. 5(b). Each spot has increased in width
by a factor of 2 but each expands to cover only one half
of the spectral range. Thus, as the chirp waveforms
move through the Bragg cell, the reference waveform
in the Fourier plane will generally consist of two seg-
ments of Fresnel patterns which move at the same ve-
locity. If the chirp duty cycle is not 100%, there will be
a small gap between segments which should not ad-
versely affect the performance of the system.

When the chirp waveform is used, the integrated in-
tensity of the desired output term is similar to Eq. (15),
except that TW is replaced by TW, and the chirp
produces a residual spatial fluctuation that is a potential
source of time-amplitude modulation on the output
current of the photodetector. Since the Fresnel pattern
travels at a high velocity, the modulation is well outside
the postdetection bandwidth so that there, is no tem-
poral modulation on the output due to spatial fluctua-
tions.

A second type of time-amplitude modulation of the
reference function at the Fourier plane arises from the
movement of the input chirp waveform under the
Gaussian input illumination. A frequency wj within
the bandwidth of the chirp will appear at a fixed posi-
tion pj in the Fourier plane; its amplitude as a function
of time, however, is determined by its position in the
input plane. Since a severe truncation of the Gaussian
illumination is not needed to control the sidelobe levels,
we can reduce the amplitude variation at the expense
of some loss of light. A reasonable compromise is to
truncate the Gaussian illumination at the exp(-1/2)
points at the edges of the aperture which leads to a
L25% variation in the output current over the time in-

terval T. This time-amplitude modulation is not a
concern because it can be eliminated by the bandpass
filter if fd >> 1T. The chirp reference waveform
therefore satisfies most of the requirements set forth at
the beginning of this section.

An alternative reference-beam waveform that is
continuous in time is a pseudonoise sequence (PNS)
whose Fourier transform also satisfies many of the
stated requirements. These sequences and similar

codes have been studied for applications such as gen-
erating random phase masks for holography, recovering
imagery from coded aperture systems, and spectral
shaping.9-16 Generally, only the spatial properties of
these codes have been considered; we are interested in
both the spatial and temporal properties of their Fourier
transforms to determine whether they are better than
those of a chirp waveform.

A shift register sequence is one whose period, or frame
length, is N 2r- 1, where N is the number of ele-
ments in the frame and r is an integer. If the period is
equal to 2r-1, the sequence is said to have maximal
length and has the properties (1) that in every period
the difference between the number of +1's and -1's is
equal to one; (2) that in every period the longest run of
+1's and -I's is equal to r, and for each run of length m
+ 1 there are two runs of length m; and (3) that the au-
tocorrelation function has only two values. Such se-
quences can be produced by an r-stage linear shift reg-
ister having the appropriate feedback. 7

Figure 6 shows the magnitude of the Fourier trans-
form of an N = 25 - 1 = 31 element sequence at time t
= 0 and t = T/31; that is, in a time interval corre-
sponding to one shift position of the PNS in the input
plane, the magnitude changes by the amount shown.
At the integer frequencies the normalized magnitude
is exactly equal to one for any shift position.'7 The
Fourier transform is symmetric about the spatial fre-
quency N/2; in an optical system the sequence modu-
lates a carrier so that the spectrum is centered at Pc In
practice the input waveform will consist of a sequence
of narrow pulses so that the spectrum must be shifted
and multiplied by a sinc function as given by Eq.
(10).

As shown in Sec. III, we need at least 2.5 photode-
tectors per resolvable frequency which means that some
photodetectors will be located where the spectrum is not
uniform in either space or time. Further, since photo-
detectors of finite size must be used to collect optical
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Fig. 6. Magnitude of the Fourier transform of a pseudonoise se-
quence for two adjacent shift positions.
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power efficiently, we investigated the spatial and tem-
poral variations in amplitude for finite photodetectors.
Figure 7 shows the magnitude variation as a function
of shift position (equivalent to time) for a photodetector
whose width is dIRT = 0.28, centered at four different
spatial frequencies. The variation in magnitude as a
function of time is of the order of d15%, which is caused
by using a Gaussian input illumination beam truncated
at the exp(-/ 2) points in amplitude at the edges of the
sequence. We note that the functions are the sums of
sinusoidal functions whose frequencies are 1T and
multiples thereof; these components can also be re-
moved by the narrowband filter. As noted before, the
instantaneous output of a spectrum analyzer is generally
integrated for at least T sec. Figure 8 shows the average
value of the amplitude as a function of spatial frequency
for a full frame of the PNS. Except at zero spatial
frequency, where the magnitude is low because the av-
erage value of the sequence is low, the average magni-
tude varies by +5%. These variations, along with others
such as Bragg cell frequency roll-off and the sinc func-
tion weighting, can be compensated when the system
is calibrated.

The question of whether the temporal frequencies of
these candidate waveforms are continuous functions of
the spatial frequency variable depends on the waveform
and the postdetection process. Equations (8) and (27)
suggest that the spectrum of a moving impulse or a chirp
waveform is indeed continuous so that the theory is
valid if the output is sampled, after narrowband filtering
and envelope detection, once for each time period T.
The results are less clear for the PNS because the
Fourier transform cannot be calculated in the same way.
Some insights can be gained for the case of longer ob-
servation times such that the reference waveform is
repetitious with period T.

Let f(x) represent the amplitude of the reference
beam over the time interval T and let F(p) be its Fourier
transform. Suppose that this distribution is repeated

at intervals of L and that the entire distribution moves
with velocity v. The Fourier transform of the extended
signal g(x) is then

G(p) = v exp(-jpvt)F(pv)- ,i 6(pv/27r-n/T). (28)
T n=--

We now account for the finite aperture in the input
plane by convolving G(p) with the aperture function
A(p) = L sinc(pL/27r) to get

G(p)= A, F (T ) exp(-j27rnt/T) sinc(pvT/27r - n). (29)

Equation (29) shows that the Fourier transform consists
of a set of sinc functions spaced at intervals of 27r/L,
which is consistent with our notion of the spatial reso-
lution of the optical system. These sine functions take
on the sample values F(2rn/T) and oscillate at a tem-
poral frequency of 27rn/T. The final step is to multiply
G(p) by sinc(pL/2wzTW) to account for the finite du-
ration of each pulse in the PNS or by a rectangular
function for the case of a chirp.

If we observe the output of a given photodetector for
a long time period T' >> T, we will see the discrete na-
ture of the temporal spectrum of the reference beam.
Furthermore, if we increase the frame length of the PNS
so that it is greater than T but less than T', we will note
that the discrete temporal frequency resolution will
increase whereas the spatial frequency resolution is
fixed. The exact nature of the output for the candidate
waveforms and an observation time of the order of T
will be deferred to a later paper where we will discuss
the experimental results.

V. Laser Power and Dynamic Range
The current produced by a photodetector is given by

Eq. (16); the values of Al and A2 are given by

A1 = , A [ [(1 -a)P I1/2 (
Al = ar1/, A2 = L (30)

where P is the power of the laser and a is the fraction
of the power directed into the signal beam. The output
current can then be arranged in the form
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Fig. 8. Magnitude averaged over a frame period as a function of
spatial frequency.
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range for interferometric and power spectrum
analyzers.

i(t) = il + i2 + i3(t)

= aP(l - a) + bPce + cPfa(l - )]1/2 cos(wdt + k), (31)

where the coefficients a, b, and c contain the values of
parameters associated with various system components.
Equation (31) represents the general form of the output
of any interferometric system, and the SNR is given by
the ratio of the output signal power to the sum of the
shot noise and thermal noise powers:

SNR = (i3
2 (t))R (32)

2eB(id + il + i2)R + 4kTB

where the brackets denote time average, R is the load
resistance of the photodetector, e is the charge of an
electron, B is the bandwidth, id is the photodetector
dark current, k is Boltzmann's constant, and T is the
equivalent system temperature in degrees kelvin. By
using Eq. (31) in (32), we obtain

SNR = 0.5c2 P2 a(1 - a)
D[aP(l -) + bPa] + F

where D = 2eB and F = (2eBid + 4kTBIR).
We want to find the minimum laser power required

to achieve a given dynamic range. The procedure is to
solve Eq. (33) for the laser power required to produce
a detectable signal (a SNR of 1) when c has its minimum
value as determined from the required dynamic range.
After some algebraic manipulations, we find that the
minimum laser power is obtained when

- -g ~~~~~~~(34)
2g + 1

where g = (Fc 2/2D 2a 2)1/2. The minimum laser power
is then

=i -2Da(2g + 1) (5

c 2

We are now in a position to make some numerical
calculations using Eq. (16) as our basis for determining
the values of the constants in Eq. (31). We will assume
that the efficiency of each optical path is Es = Er = 1/2,

that the sensitivity of the photodetector is S = 0.5 A/W,
and that /3 = 0.14. The modulation indices ml and m2
are chosen to keep the intermodulation products at an
acceptable level. If we require third-order two-tone
intermodulation products to be down by at least 50 dB
when 20% of the possible cw signals in the Bragg cell are
saturated, we must keep the diffraction efficiency per
frequency to <0.01. Since the modulation index is
equal to the square root of the diffraction efficiency, we
have that m1 = 0.1. The diffraction efficiency of the
reference beam can be much higher because inter-
modulation products are not a factor; we choose m2 =
0.7. We will also use a time-bandwidth product of TW
= 100, and, if we use the chirp reference-beam wave-
form, we replace TW by ITW in Eq. (16) so that

i(t) = il + i2 + i3(t) (36)

= 7(10-4 )CkPa

+ 3.5(10-4)P(1 - a) + 9.8(10- 4)CkP[a(1 - a)]l"2 (37)

from which we note that a = 3.5(10-4), b = 7(10-4)Ck,
and c = 9.8(10-4)Ch.

The value of g is a function of the parameters asso-
ciated with the photodetector elements and the required
dynamic range. A dynamic range of 60 dB in terms of
input signal power yields a minimum value of Ck = 10-3
from which we have that cmin = 9.8(10-7). We chose a
photodetector having a dark current of id = 10-9 A, a
bandwidth of B = 1 MHz, and a load resistance value
of R = 50 kQ. From these parameters we calculate that
g = 7.2 and, from (35), that the minimum laser power
is P = 3.2 mW.

We now calculate the dynamic range produced by a
power spectrum analyzer that has the same system
parameters. The SNR for a power spectrum analyzer
can be given in a form similar to Eq. (32):

SNR= (il)R (38)
2eB(id + i)R + 4kTB

where i = 7(10-4 )CklP; we have set a = 1 because all the
laser power can be directed into the signal beam. The
dynamic range can be found by setting the SNR = 1; we
then have

DRp = 10 log[7(10-4)P/VF], (39)

which, for a laser power of 3.2 mW, gives a dynamic
range of 33 dB. We find that the interferometric
spectrum analyzer provides 27 dB more dynamic range
than a power spectrum analyzer for the set of parame-
ters given.

It is frequently cited in the literature that an inter-
ferometric spectrum analyzer provides twice the dy-
namic range in decibels as that produced by a power
spectrum analyzer. We now examine in more detail the
relationships between the interferometric and power
spectrum analyzer dynamic ranges. In Fig. 9 we graph
the output signal power, as given by the numerators of
Eqs. (32) and (38), as a function of the rf input signal
power. The noise floor is established by the noise
equivalent power of the photodetector, except at high
input signal levels where the system has a slightly higher
noise floor caused by signal dependent shot noise.
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As expected, the output vs input line for a power
spectrum has a slope of two, whereas the slope is one for
an interferometric spectrum analyzer. For a given laser
power, the vertical axis intercept point is lower for the
interferometric spectrum analyzer because (1) half of
the laser power is lost by the recombining beam splitter,
and (2) the reference-beam power is spread over a larger
range of spatial frequencies so that the reference-beam
amplitude at any particular photodetector is low.

The dynamic range is determined by the points at
which the two input/output lines intercept the noise
floor. A relationship between the interferometric dy-
namic range (DR.) and the power dynamic range (DRp)
can be obtained by substituting the laser power, as given
by Eq. (35), required to provide a given DR. into Eq.
(39). We can simplify Eq. (35) for the case of g very
much greater than one to the form

P = (40)

Since DR, = 20 log(Ck) and c = 9.8(10- 4 )Ck, we can
rearrange Eq. (39) in the form of

DR 2DRp - 10 log(TW/25). (41)

This result shows that, in the limit of small time-
bandwidth products, the interferometric system does
provide twice the dynamic range in decibels as expected.
A small time-bandwidth product has the effect of
closing the gap between the vertical axis intercept points
shown in Fig. 9 so that the superior performance of the
interferometric approach is evident at higher input
signal levels.. We also note from Eq. (41) that the im-
provement factor asymptotically approaches two as the
absolute performance level increases for a fixed value
of TW.

VI. Summary and Conclusions
The dynamic range of a power spectrum analyzer is

generally limited by the dynamic range available from
self-scanned photodetector arrays. Furthermore, the
output current is proportional to the input rf power so
that a significant amount of laser power is needed to
achieve a high dynamic range. Interferometric spec-
trum analyzers produce an output that is proportional
to the input rf magnitude and generally provide more
dynamic range for a given laser power.

In this paper a technique is described wherein the
reference beam is spatially modulated and geometrically
shifted so that the interference temporal frequency is
constant over the entire spectrum. This fixed fre-
quency offset permits a narrowband postdetection filter
to separate the signal term from the bias terms at the
output. Furthermore, the filter rejects sidelobe con-
tributions from nearby cw signals so that reduced cross
talk levels can be achieved without the need to weight
the input illumination. A more uniform input illumi-
nation, in turn, leads to better short-pulse detectability
because the pulse amplitude is more constant over the
processing time of the cell. A further advantage of the
interferometric technique is that scattered light does
not contribute to the output because it falls outside the
bandwidth of the filter.

Two types of reference-beam modulation have been
studied. A chirp waveform, having the same bandwidth
at the rf signal, provides a continuum of spatial and
temporal frequencies at the output plane and, for most
applications, has adequate amplitude stability as a
function of space and time. We also investigated the
properties of pseudonoise sequences; the same post-
detection filtering techniques apply, and, for very short-.
pulse or cw signals, the results are similar to those ob-
tained from the chirp waveform except that the sidelobe
suppression effect may not be as strong as with the chirp
waveform. A potential advantage of the pseudonoise
sequence waveform is that it can be recirculated through
the Bragg cell and provides phase continuity at the
output of the system. The choice of which reference-
beam modulation to use is dependent on the applica-
tion.

We have also determined the minimum laser power
required to achieve a given dynamic range and com-
pared the performance of an interferometric and a
power spectrum analyzer having the same operating
parameters. The dynamic range of the interferometric
system is, in the limit of small time-bandwidth prod-
ucts, a factor of 2 larger in decibels than that of a con-
ventional system. The improvement in the dynamic
range is a function of the time-bandwidth product and
the absolute dynamic range obtained.
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tions of the spectrum of pseudorandom sequences.
Special thanks to A. M. Bardos for stimulating discus-
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